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Abstract 

This informal introduction is an extended version of a three hours lecture given 
at the 6th Peyresq meeting "Integrable systems and quantum field theory". In this 
lecture, we make an overview of some of the mathematical results which motivated 
the development of what is called noncommutative geometry. The first of these results 
is the theorem by Gelfand and Neumark about commutative C*-algebras; then come 
some aspects of the JC-theories, first for topological spaces, then for C*-algebras and 
finally the purely algebraic version. Cyclic homology is introduced, keeping in mind 
its relation to differential structures. The last result is the construction of the Chern 
character, which shows how these developments are related to each other. 
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1 Introduction 

Once upon a time, in a perfect land, the idea of point was conceived. 

This was a beautiful concept, full of potentiality, especially in Natural Science: how easy 
is it to say where objects are when one has introduced such a precise definition of localization! 
How easy is it to describe the kinematics of bodies when one assigns to them a point at each 
time. . . Well, at least if time is there too! And then laws were found for the interactions of 
moving bodies, and then predictions were formulated: Pluto, the former planet, was where 
it was calculated to be! Better: generalized geometries where conceived, in which parallels 
can meet. And you know it: physicists (one of them at least!) where fool enough to show us 
how useful these geometries can be to describe gravitation. 

But nature seems often more subtle than human mind. And the dream ceased when 
quantum mechanics entered the game. We are no more allowed to say where an electron is 
exactly located on its "orbit" around the proton in the hydrogen atom. What is the photon 
trajectory in the Young's double slit experiment? It is forbidden to know! Knowing destroys 
the diffraction pattern on the target screen. 

The main feature of quantum mechanics which exposes us to this annoying situation is 
the non-commutativity of observables. 

How can we accommodate this? Well, one of the reasonable answers can be found in 
mathematics. Surprisingly enough, mathematicians discovered, not so long ago, that we can 
speak about spaces without even mentioning them. The trick is to use algebraic objects. 
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and the surprise is that spaces (some of them at least, miracles are not the prerogative of 
mathematicians!) can be reconstructed from them. In the language of mathematics, one has 
an equivalence of categories. . . 

The algebraic objects we need to deal with are associative algebras, not only with their 
friendly product but also with other structures, like involutions and norms. There, quantum 
mechanics is at home: observables are special operators on a Hilbert space, so that they live 
in such an algebra! Where are the "points" which were mentioned? Take a normal operator 
(it commutes with its adjoint) in such an operator algebra, consider the smallest subalgebra 
it generates. This subalgebra is a commutative algebra, which can be shown to be the algebra 
of continuous functions on the spectrum of this normal operator. Associate to this element 
as many other normal operators as you can find, on the condition that they commute among 
themselves, and you get another algebra of continuous functions on a topological space. Yes, 
we get it: a topological space from pure algebraic objects! 

This is one of the main results behind noncommutative geometry. The idea is the following: 
if commutative algebras are ordinary topological spaces (in the category of C*-algebra to be 
precise), what are the noncommutative ones? How can we study them using the machinery 
that we are used to manipulate the topological spaces? Is there somewhere another category 
of algebras in which commutative algebras are differential functions on a differential manifold? 
If not (for the moment, it is no!), can we manipulate them with some kind of differential 
structures? 

I hope to show you in the following that these questions make sense, and that some 
answers can be formulated. In section [2] we introduce C*-algebras, and we make the precise 
statement about commutative C*-algebras. In section [3], we show that one of the machineries 
developed on topological spaces can be used on their noncommutative counterparts, the C*- 
algebras. In section HI cyclic homology is shown to be a good candidate to fool us enough 
into thinking that we manipulate differential structures on algebras. Section [5] is devoted 
to the Chern character, an object which can convince the more commutative geometer that 
noncommutative geometry does not only make sense, but also is one of the most beautiful 
developments in modern mathematics. 

2 C*-algebras for topologists 

In this section, we will explore some aspects of the theory of C*-algebras. The main result, 
we would like to explain, is the theorem by Gelfand and Neumark about commutative C*- 
algebras. 

2.1 General definitions and results 

In order to be concise, only algebras over the field C will be considered. 
Definition 2.1 (Involutive, Banach and C* algebras) 

An involutive algebra A is an associative algebra equipped with map a a* such that 



for any a, 6 G A and A G C, and where A denotes the ordinary conjugation on the complex 
numbers. 



a 



= a 
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A Banach algebra A is an associative algebra equipped with a norm || ■ || : A ^ M"*" such 
that the topological space A is complete for this norm and such that 

||a6|| < ||a|| 

If the algebra is unital, with unit denoted by 1, then it is also required that ||]1|| = 1. 

A C*-algebra is an involutive and a Banach algebra A such that the norm satisfies the 
C*-condition 

\\a*a\\ = \\af (2.1) 

♦ 

A C*-algebra is then a normed complete algebra equipped with an involution and a 
compatibility condition between the norm and the involution. One can show that this C*- 
condition (12. ip implies that ||a|| < ||a*|| < = ||a||. The adjoint is then an isometry in 

any C*-algebra. 

Definition 2.2 (self-adjoint, normal, unitary and positive elements) 

An element a in a C*-algebra A is self-adjoint if a* = a, normal if a*a = aa*, unitary if 
a*a = aa* = 1 when A is unital, and positive if it is of the form a = h*h for some 6 G A. ♦ 

Self-adjoint and unitary elements are obviously normal, and positive elements are obviously 
self- adjoint. 

Example 2.3 (The algebra of matrices) 

Let M„(C) be the algebra of n x n matrices over C This is an involutive algebra for the 
adjoint. This algebra is complete for the three equivalent norms 



max 



max{|ajj| / z, j = 1, . . . , max norm 

||a|| = sup{||af II / V & C", ||f || < 1} operator norm 

I'^IIe ~ I*^*-?! norm 



which are related by the inequalities 

1 1 1 1 max ^ IIQ-II ^ ll'^llx] — ^ 11*^11 max 

The algebra M„(C) is then a Banach algebra for any of these norms. Only the operator norm 
defines on M„(C) a C*-algebraic structure. ♦ 

Example 2.4 (The algebra of bounded linear operators) 

Let 7i be a separable Hilbert space, and BiTi) = B the algebra of bounded linear operators 
on Ti. Equipped with the adjointness operation and the operator norm 

||a|| = sup{||aM|| / u eH, \\u\\ < 1} 
this algebra is a C*-algebra. In the finite dimensional case, one recovers M„(C). ♦ 
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Example 2.5 (The algebra of compact operators) 

Let Ti be an Hilbert space. A finite rank operator a G is an operator such that dim Ran a < 
oo. Let Bp denote the subalgebra of finite rank operators in B. The algebra )C(TC) = /C of 
compact operators is the closure of Bp for the topology of the operator norm. The algebra 
/C is a C*-algebra, which is not unital when Ti. is infinite dimensional. In case 7i is finite 
dimensionnal, /C = M„(C) for n = dimTi. 

For any integer n > 1, M„(C) is identified as a subalgebra of B, as the operators which 
act only on the first n vectors of a fixed orthonormal basis of Ti. Then one gets a direct 
system of C*-algebras inside B, in '■ iWn(C) ^ M„+i(C) with in{ci) = (g [j). One has 

K. = limM„(C) 

Using this identification, it is easy to see that JC is an ideal in B. The quotient C*-algebra 
Q = B/JC is the Calkin algebra. ♦ 

Example 2.6 (The algebra of continuous functions) 

Let X be a compact Hausdorff space. Denote by C{X) the (commutative) algebra of con- 
tinuous functions on X, for pointwise addition and multiplication of functions. Define the 
involution f ^ f and the sup norm 

||/||oo = sup|/(x)| (2.2) 

With these definitions, C{X) is a C*-algebra. 

If the topological space X is only a locally compact Hausdorff space, one defines Co{X) 
to be the algebra of continous functions on X vanishing at infinity : for any e > 0, there 
exists a compact K C X such that /(x) < e for any x G X\K. Equipped with the same 
norm and involution as C{X), this is a C*-algebra. ♦ 

Example 2.7 (The tensor product) 

One can perform a lot of operations on C*-algebras, some of them being described in the 
following examples. 

Let us mention that there exist some well defined tensor products on C*-algebras (see 
Chapter 11 in |KR97j or Appendix T in [W093j ). In the following, we denote by ® the 
spatial tensor product. One of its properties is that C{X) (8> C{Y) = C{X x Y) for any 
compact spaces X, Y. ♦ 

Example 2.8 (The algebra M„(A)) 

Let A be a C*-algebra. We denote by M„(A) the set of n x n matrices with entries in 
A. This is naturally an algebra. One can define the max norm and the sum norm on this 
algebra using ||aij|| instead of \aij\ as in Example 12.31 For the operator norm, the situation 
is more subtle. One has to take an injective representation p : A B{T-l), which induces an 
injective representation p„ : M„(A) — > BiTi^). The operator norm of a G M„(A) is defined 
as ||a|| = ||pn(ct)|| where the last norm is on i3(7i"). One can then show that this norm is 
independent of the choice of the injective representation p and gives M„(A) a structure of 
C*-algebra. 

This construction corresponds also to define M„(A) as M„(C) ® A. 
The natural inclusion M„(A) ^ Af„_|_i(A) defines a direct system of C*-algebras. One 
can show that A ® /C = limM„(A). ♦ 



5 



Example 2.9 (The algebra Co(X, A)) 

Let X be a locally compact topological space and A a C*-algebra. The space Co{X,A) of 
continuous functions a : X — > A vanishing at infinity, equipped with the involution induced 
by the involution on A and the sup norm ||a||oo = ^'^Pxex ^ C*-algebra. Using the 

spatial tensor product, one has Co{X, A) = Co{X) (g) A. 

If X is compact, we denote it by C{X, A). If A is unital and X is compact, this algebra 
is unital. ♦ 

Example 2.10 (The convolution algebra) 

The algebra L^(R) for the convolution product 

{f*9){x)^ / f{x-y)g{y)dy 
Jr 

with the norm 

/ \f{x)\dx 

JR 

and equipped with the involution 



is a Banach algebra with involution but is not a C*-algebra. ♦ 
Definition 2.11 (Frechet algebra) 

A semi-norm of algebras p on A is a semi-norm on the vector space A for which p{ab) < 
p{a)p{b) for any a,b & A. 

A Prechet algebra is a topological algebra for the topology of a numerable set of algebra 
semi-norms, which is complete. ♦ 

Example 2.12 (The Frechet algebra C°°{M)) 

Let M be a C°° finite dimension locally compact manifold. Then the algebra C°°{M) of 
differentiable functions on M is an involutive algebra but is not a Banach algebra for the sup 
norm because it is not complete. Nevertheless, this algebra can be equipped with a family of 
semi-norms PKr,N to make it a Frechet algebra. These semi-norms are defined as follows. For 
any a = (ai, . . . , a„) where G N, let us use the compact notation = (|^) ^ ■ ■ ■ (|^) 
with \a\ = CKi -|- • • • -|- an- Then, for any compact subspace K <Z M and any integer > 0, 
define p/s-^Ar(/) = max{|(D"/)(a;)| / x E K, \o\ < N}. With a increasing numerable family of 
compact spaces Kr C M such that IJr>o = M, one gets a numerable family of semi-norms 
PKr,N for the topology of which C°°(M) is complete. ♦ 

Example 2.13 (The irrational rotation algebra) 

Let 9 be an irrational number. On the Hilbert space L^(§^), consider the two unitary oper- 
ators 

(C//)(i)=e^-VW ivf)it)^fit-e) 

where / : §^ — > C is considered as a periodic function in the variable t e M. Then one 
has UV = e^'^^VC/ e B{L\S^)). The C*-algebra Ae generated by U and V is called the 
irrational rotation algebra or the noncommutative torus. 
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Let us consider the Schwartz space iS(Z^) of sequences {am,n)m,nGZ of rapid decay: (|?7i| + 
|^|)^|flm,n| is bounded for any g e N. We define the algebra A'^ as the set of elements in Ag 
which can be written as 'Y2mn&z^"i,nU'^V"' for a sequence {am,n)m,nez ^ The family 

of semi-norms Pq{a) = sup^^„g2{(l + \m\ + |n|)^|am^„|} gives to A'^ a structure of Frechet 
algebra. 

This algebra admits two continuous non inner derivations Si, i — 1,2, defined by Si{U"^) — 
27rimf/'", = K", 52{U'^) = f/™ and SiiV) = 27rm\/". 

Using Fourier analysis, S{7?) is isomorphic to the space C°^(T^) where is the two- 
torus. The algebra A'^ is then the equivalent of smooth functions on the noncommutative 
torus Ae- ♦ 

Let us mention some general results about C*-algebras: 
Proposition 2.14 (Unitarisation) 

Any C* -algebra A is contained in a unital C* -algebra A+ as a maximal ideal of codimension 
one. 

The construction of the unitarization is as follows: as a vector space, A_|_ = A + C; 
as an algebra, (a + A) (6 + /i) = ab + \b + fia + Xji; as an involutive algebra, (a -|- A)* = a* -\-\] 
as a normed algebra, ||(a + A)|| = sup{||a6 + A6|| / 6 G A, < 1}. 

Theorem 2.15 

For any C*-algebra A, there exist a Hilbert space H and an injective representation A — > 
B{H). Then every C* -algebra is a subalgebra of the bounded operators on a certain Hilbert 
space. 

The construction of this Hilbert space, which is not necessarily separable, is performed 
through the GNS construction. This theorem implies that any C*-algebra can be concretely 
realized as an algebra of operators on a Hilbert space. Obviously, the converse is not true: 
there are many algebras of operators on Hilbert spaces which are not C*-algebras. 

Proposition 2.16 

Any morphism between two C*-algcbras is norm decreasing. 

The norm on a C* -algebra is unique. An isomorphism of C* -algebras is an isometry. 

2.2 The Gelfand transform 

Let A be a unital Banach algebra. Let us use the notation 2; = ^1 e A for any z e C. 

Definition 2.17 (Resolvant, spectrum and spectral radius) 

Let a be an element in A. 

The resolvant of a, denoted by p(a), is the subspace of C: 

p{a) ^{zeC / {a- z)-^ e A} 

The spectrum of a, denoted by cr(a), is the complement of p(a) in C: a{a) = C\p(a). One 
can show that a(a) is a compact subspace of C contained in the disk {z & C / \z\ < \\a\\}. 
The spectral radius of a is defined as 

r(a) = sup{|2;| / z ^ cr(cf)} ♦ 
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For any a G M„(C), the spectrum of a contains the set of eigenvalues of a, but can contain 
other values not associated to eigenvectors. 

The spectrum of a G A depends on the algebra A. Nevertheless, we will see exceptions 
to that. 

The spectral radius can be computed using the relation 

r(a) = lim ||a"||^/" 

n— ►oo 

which can look surprising at first: on the left, the radius is defined using only the algebraic 
structure of A (is an element (a — z) invertible?), on the right it is related to the norm. . . 
Here are some interesting results about the spectrum of particular elements. 

Proposition 2.18 

If a is self-adjoint, then a{a) C M. If a is unitary, then a{a) C S^. If a is positive, then 
a{a) C M+. 

One can show the following: 
Theorem 2.19 (Gelfand-Mazur) 

Any unital Banach algebra in which every non zero element is invertible is isomorphic to C. 

Definition 2.20 (The spectrum of an algebra and the Gelfand transform) 

Let A be a Banach algebra. A (continuous) character on A is a non zero continuous morphism 
of algebras x ^ A ^ C. If A is unital, we require xW = 1- 

The spectrum of A, denoted by A(A), is the set of characters of A. The spectrum A(A) 
is a topological space for the topology induced by the pointwise convergence Xn X 
Va G A, Xnia) -^^^ 

There is a natural map A — * C(A(A)) defined by a ^— a where a{x) = x{(^)- This is the 
Gelfand transform of A. ♦ 

So, now that we have associated to elements in a Banach algebra, and to the algebra 
itself, some topological spaces, it is time to introduce some functional spaces on them! The 
next example gives us an insight to what will happen in the general case. 

Example 2.21 (The spectrum of C{X)) 

Let A = C{X) as in Example 12. 6[ For any function / G C{X), cr(/) is the set of values of /: 
cr(/) = f{X) C C. Any point x E X defines a character Xx £ A(A) by Xx{f) = f{x), so that 
X C A(A). The topologies on X and A(A) makes this inclusion a continuous application. ♦ 

Example 2.22 (Unital commutative Banach algebra) 

What happens when the Banach algebra is unital and commutative? In that case, one can 
show that the maximal ideals in A are in a one-to-one correspondence with characters on A. 
Indeed, it is easy to associate to any character x ^ A (A), the maximal ideal = Ker^. In 
the other direction, for any maximal ideal I, one can show that every non zero element in 
the algebra A/I is invertible, which means, by the Gelfand-Mazur 's theorem, that A/I = C. 
Associate to I the projection A ^ A/I. This is the desired character. 

Then, one can show that A(A) is a compact Hausdorff space. The Gelfand transform 
connects two commutative unital Banach algebras A — > C(A(A)) by a continuous morphism 
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of algebras. What is now a pleasant surprise, is that the spectrum of a in A is exactly the 
spectrum of a in C(A(A)), which is the set of values of the function a on A(A): 

(T(a) =(T(a) = {a(x) =x(a) / A(A)} # 

When the commutative Banach algebra is not unital, the Gelfand transform realizes a 
continuous morphism of algebras A Cq{A[A)) . One important result is that A(A)"'" = 
A(A_,_) where on the left A(A)+ is the one-point compactification of the topological space 
A(A) and on the right A+ is the unitarization of A. 

It is now possible to state the main theorem in this section: 
Theorem 2.23 (Gelfand-Neumark) 

For any commutative C*-algebra A, the Gelfand transform is an isomorphism of C*-algebras. 

In the unital case, one gets A ~ C(A(A)) and in the non unital case, A ~ Co(A(A)) 
and A+ ~ C(A(A)+). 

In the language of categories, this theorem means that the category of locally compact 
HausdorfF spaces is equivalent to the category of commutative C*-algebras. 

2.3 Functional calculus 

The demonstration of the Gelfand-Neumark theorem relics on some constructions largely 
known as functional calculus. These constructions are very important to understand the 
relations between commutative C*-algebras and topological spaces. Their understanding 
opens the door to the comprehension of noncommutative geometry. 

The first example we consider is the polynomial functional calculus. This gives us the 
general idea. Let a G A, where A is any unital associative algebra. To every polynomial 
function p G C[x] in the real variable x, we can associate p(a) G A as the element obtained 
by the replacement i— > a" in p. In particular, for the polynomial p{x) — x (resp. p{x) = 1), 
one gets p{a) = a (resp. p{a) — 1). 

For algebras with supplementary structures, this can be generalized using other algebras 
of functions. 

First, consider an involutive unital algebra A, and let a G A be a normal element. To 
every polynomial function p G C[2;,^] of the complex variable z and its conjugate z, we 
associate p{a) G A through the replacements i— > a" and i— > (a*)". Because a is normal, 
p{a) is a well defined element in A. 

Let A be now a unital Banach algebra. For any A ^ a{a) one introduces the resolvant of 
a at A: ^ 

R{a, A) = G A 

A — CL 

Consider any holomorphic function / : f/ — > C, with U an open subset of C which strictly 
contains the compact subspace cr(a), and F : [0, 1] — C a closed path in U such that a{a) is 
strictly inside F. The usual Cauchy formula f{z) — Jy a^^'^ ^ ^ generalized in 

the form 

2m Jy X — a 
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Indeed, A i-^ R{a, A) is a function which takes its values in a Banach space, and integration 
of f{X)R{a, A) is meaningful along F. What can be shown is that this integration does not 
depend on the choice of the surrounding closed path F. 

This relation defines what is called the holomorphic functional calculus on A. In case / 
is a polynomial function (of the variable z, but not of the variable z), f{a) coincides with 
the polynomial functional calculus. 

Let us consider now a unital C*-algebra A. In that case, one would like to mix the two 
previous functional calculi on involutive and Banach algebras. 

In order to do that, consider a normal element a G A. One can introduce C*{a), the 
smallest unital C*-subalgebra of A which contains a and a* (and 1 since it is unital). Because 
1, a and a* commute among themselves, the C*-algebra C*{a) is a commutative C*-algebra. 
Let us summarize some facts about this algebra: 

Proposition 2.24 

The spectrum of a in C*{a) is the same as the spectrum of a in A. It will be denoted by 
cr(a). 

The spectrum of the algebra C*{a) is the spectrum of the element a, A{C*{a)) = a (a), 
so that 



The Gelfand transform maps a into the continuous function a : cr(a) — > C which is 
identity: a{a) 3 z ^ z & C 

The inverse of the Gelfand transform associates to any continuous function f : a{a) — > C 
a unique element f{a) e C*(a) C A such that 



In particular, the norm of f{a) in C*{a) is the norm of f{a) in A. 

The association f ^ f{a) in this Proposition is the continuous functional calculus asso- 
ciated to the normal element a. In case / is a polynomial function in the variables z and 'z 
(resp. / is an holomorphic function), one recovers the polynomial functional calculus (rasp, 
the holomorphic functional calculus). 

There are a lot of interesting normal elements in a C*-algebras (self-adjoint, unitary, pos- 
itive. . . ) for which the continuous functional calculus is very convenient. The next example 
illustrates such a situation. 

Example 2.25 (Absolute value in A) 

One can associate to any element a e A its absolute value using the functional calculus 
associated to the normal (and positive) element a*a. Consider the continuous function R+ 3 
X ^ f{x) — and define \a\ e A+ by \a\ — f{a*a). ♦ 

What do we learn from these constructions? The main result here is that it is not necessary 
to consider a commutative C*-algebra in order to manipulate some topological spaces. Just 
consider some normal elements commuting among themselves, build upon them the smallest 
C*-algebra they generate, and you have in hand a Hausdorff space! 

The idea of noncommutative topology is to study C*-algebras from the point of view that 
they are "continuous functions on noncommutative spaces" . In order to do that, one needs 
some tools that are common to the topological situation and to the algebraic one. 

Such tools exist! One of them is /^-theory 



C*{a) = C((7(a)) 




a{f{a)) = f{a{a)) C C 
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3 /^-theory for beginners 



The i^-theory groups are defined through a universal construction, the Grothendieck group 
associated to an abehan semigroup. 

Definition 3.1 (Grothendieck group of an abelian semigroup) 

An abehan semigroup is a set V equipped with an internal associative and abelian law ffl : 
V X V — > V. A unit element is an element such that v SO — v for any v eV. Any abelian 
group is a semigroup. 

The Grothendieck group associated to V is the abelian group (Gr(V),+) which satisfies 
the following universal property. There exits a semigroup map i : V — Gr(V) such that for 
any abelian group (G, +) and any morphism of abelian semigroups : V — > G, there exists a 
unique morphism of abelian groups (p : Gr(V) — > G such that (f) — (f)oi. ^ 

This means that the following diagram can be completed with to get a commutative 



It is convenient to have in mind one of the possible constructions of the Grothendieck 
group associated to V. On the set V x V consider the equivalence relation: (vi, ^2) ~ (^^i, ^^2) 
if there exists v E\/ such that viSv^^Sv — v[Sv2Sv e V. Denote by {vi, V2) an equivalence 
class in V X V for this relation and let Gr(V) = (V x V)/ ~. The group structure on Gr(V) is 
defined by (fi,f2) + {v'i,V2) = {vi Sv[,V2 SV2), the unit is {v,v) for any u G V, the inverse 
of (fi, W2) is {v2,Vi). The morphism of abelian semigroups i : V ^ Gr(V) is v {v S v',v') 
(independent of the choice of v'). Notice that {vi + v,V2 + v) = {vi, V2) in Gr(V). 

Then one can show that Gr(V) is indeed the Grothendieck group associated to V and that 



A useful relation is that i{v + w) — i{v' + w) = i{v) — i{v') G Gr(V) for any w 
Example 3.2 (The semigroup N) 

The set of natural numbers defines an abehan semigroup (N, +). Its Grothendieck's group is 
(Z, +). In this situation, the morphism i : N — > Z is injective. This is not always the case. 
Another particular property is that any relation ni + n = n2 + n in N can be simplified into 
rii — n2- This is the simplification property, which is not satisfied by all abelian semigroups. ♦ 

Example 3.3 (The semigroup N U {00}) 

Consider the set N U {00} with the ordinary additive law for two elements in N and the new 
law cx) + n = cx) + oo = cxD. Then its Grothendieck group is 0. Indeed, all couples {n,m), 
{n, 00), (00, m) and {00, 00) are equivalent. ♦ 

3.1 The topological /^-theory 

It is useful to recall some facts and constructions about vector bundles over topological spaces. 
We will restrict ourselves to locally trivial complex vector bundles over Hausdorff spaces. 



diagram: 



Gr(V) 




Gr(V) = {i{v)-i{v') / v,v' e V} 
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Definition 3.4 

Let IT : E X and it' : E' ^ X two vector bundles over X, of rank n and n'. Then one 
defines tlie Whitney sum E®E' ^ X of rank n + n' hj E®E' = U^(zx{E^ © E'^) = {(e, e') G 
E X E' / 7r(e) = vr'(e')} C E x E' and the tensor product E (g) E' = U^gx(-Sx ® -E^) of rank 
nn'. 

We denote by C" = X x ^ X the trivial vector bundles of rank n. 
For any continuous map f : Y ^ X and any vector bundle E X, we define the 
pull-back f*E ^ Y as f*E = {{y,e) eY x E / f{y) = 7r(e)} cY x E. ^ 

When i : y "-^ X is an inclusion, the pull-back i*E = E\y is just the restriction of E 
to y C X. When /q, /i : F — * X are homotopic, the two vector bundles JqE and f^E are 
isomorphic. 

We will use the following very important result in the theory of vector bundles: 
Theorem 3.5 (Serre-Swan) 

Let X be a locally compact topological space. For any vector bundle E ^ X there exist an 
integer N and a second vector bundle E' ^ X such that ii^ © £" ^ C^. 

We introduce V(X), the set of isomorphic classes of vector bundles over X. Let use the 
notation [E] for the isomorphic class of E. The set V(X) is an abelian semigroup for the law 
induced by the Whitney sum: [E] + [E'] = [E ® E']. 

For any continuous map f : Y —>■ X, the pull-back construction defines a morphism of 
abelian semigroups /* : V(X) V(y), which depends only on the homotopic class of /. 

Definition 3.6 (K°(X) for X compact) 

For any compact topological space X, we define K'^lX) as the Grothendieck group of V(X).^ 
Remark 3.7 (Representatives in K^{X)) 

From the construction of the Grothendieck group, any element in K^{X) can be realized as a 
formal difference [E] — [F] of two isomorphic classes in V(X). Adding the same vector bundle 
to E and F does not change this element in the Grothendieck group. So, one can always find 
a representative of the form [E] — [C"] for some integer n. ♦ 

For any continuous map f : Y ^ X, the morphism /* : V(X) induces a 

morphism of abelian groups : K^{X) K'^iY). 

Example 3.8 {K°{*) = Z) 

Let * denote the space reduced to a point. In that case any vector bundle E ^ * is just a finite 
dimensional vector space. It is well known that the isomorphic classes of finite dimensional 
vector spaces are classified by their dimension, so that V(*) = N, with the abelian semigroup 
structure of Example 13.21 Then one gets = Z. Obviously this result is true for any 

contractible topological space. ♦ 

Let Xq G X be a fixed point. Denote by i : * = {xq} X the inclusion, and p : X — * 
the projection. Then po i is Id*. These maps define two morphisms 

p» : Z = K\*) K\X) : ir°(X) K\*) = Z 

Because i'^p^ = Idz : Z — > Z, is injective. 
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Definition 3.9 (Reduced X-group for pointed compact spaces) 

We define the reduced i^'-group of the pointed compact topological space X by 



K%X) = Ker(i« : K%X) ^ Z) = K°{X)/p^Z 



The injective morphism splits the short exact sequence of abelian groups 







K'>{X) 







so that _ft'°(X) = _ft'°(X) © Z. The reduced i^-theory, like the reduced singular homology, is 
the natural i^-theory of pointed compact spaces. 

Remark 3.10 (Interpretation of K°(X)) 

An element in K^{X) is a formal difference [E] — [F] where now E and F have the same 
rank because they must coincide over xq in order to be in the kernel of iK It is possible to 



Definition 3.11 {K°{X) for any X) 

Let X be a locally compact topological space X, not necessarily compact. Denote by X~^ its 



Let us make some comments about this construction. 
Remark 3.12 

In this situation, the natural fixed point in X~^ is the point at infinity, so that i : * —>■ 
X~^ sends * into oo. The compactification adds a point to X and the reduced i^-group 
construction removes the contribution from this point. 

In case X is compact, it is then easy to verify that K^{X^) identifies with the i^-group 
as in Definition 13. 6[ ♦ 

Remark 3.13 (Interpretation of K°{X)) 

In K^{X^), an element is a formal difference [E] — [F] with rankii^ = rankF. Because this 
element is in the kernel of i", one has E\oo = -^oo- So these two vector bundles are also 
isomorphic in a neighborhood of oo € X~^. By definition of the one-point compactification, 
such a neighborhood is the complement of a compact in X, so that E and F can be considered 
as vector bundles over X which coincide outside some compact K C X. 

One can go a step further. Because E and F coincide outside some compact K, one can 
add to them a third vector bundle such that outside K the sums are isomorphic to a trivial 
vector bundle. Adding such a vector bundle does not change the element [E] — [F] e K^{X). 
Therefore, any element in ir°(X) can be represented by a formal difference [E] — [F] where 
E and F are not only isomorphic outside some compact, but also trivial. 

Owing to this interpretation, this definition of K^{X) = K^{X~^) is also called, in the 
literature, the i^T-theory with compact support (the non trivial part of the vector bundles is 
inside a compact). For instance, it is denoted by i^^cpt in |LM89j . ♦ 

The indice in the definition of the i^T-group suggests that others i^-groups can be defined. 
This is indeed the case, but we will see that there are not so many! 



choose F = C with N = lankE. 



♦ 



one-point compactification. Then one defines K^{X) = K^{X~^). 



♦ 
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Definition 3.14 (Higher orders X-groups) 

Let X be a locally compact topological space X. For any n > 1, we define K~'^[X) — 
K°{X X M"). # 

The corresponding reduced /T-group is K~'^{X) = K^{X A S"^), where we recall that 
for two pointed compact spaces {X,Xq) and (Y.yQ), their wedge product is X AY = X x 
Y/{{xo} xYUX X {yo}). For any n, one can show that R-^'iX) = K-''{X+). 

Proposition 3.15 (Long exact sequences) 

Let X be a locally compact space and Y G X a closed subspace. Then there exist boundary 
maps 5 : K^''''{Y) — > K''"'~^^{X\Y) and a long exact sequence 

^X-"(X\y) ^X-"(X) ^K-''{Y)-^K-''+\X\Y) > • • • 

^-^K^{X\Y) ^K^{Y) 

In reduced K -theory, for pointed compact spaces Y G X, one has the corresponding long 
exact sequence 

— — — ^x-"(y)^^x-"+i(x/r) — ^ • • • 

^^o^X/F) -^O(X) -^O(F) 

Proposition 3.16 (The ring structure) 

The tensor product of vector bundles induces a ring structure on K^{X) and K^\X). 
The external tensor product induces graded ring structures on K*{X) = 0,^^^^ 

and on K*{X) = ^^^qK~"'{X) which extend the ring structures on and K^{X). 

Example 3.17 (The 2-sphere) 

Any vector bundle on the 2-sphere is characterized by its clutching function on the equator. 
This is a continuous map ^ U (n) for a vector bundle of rank n. In order to consider 
all the possible ranks at the same time, the maps to consider are U{oo) = lirn U (n) . 

Studying these functions, in particular their homotopic equivalence classes, gives the following 
result. Let H denote the tautological vector bundle of rank 1 over CP^ = S^. Then one has 
{H (g) H) ® C c:^ H ® H and as rings /^^(S^) ~ Z[H]/{{H - Cf) where {{H - Cf) is the 
ideal in Z[H] generated hy {H-Cf, so that /s:°(§2) ~ Z ■ C © Z • (i/ - C) ~ Z© Z. Because 
H-Ce Ker(itt : K^{^'^) Z), one has ^^(S^) = 'L-{H with a null product. # 

Example 3.18 (The ring K'(*)) 

The ring structure of is easy to describe. One can show that /('^^(*) = = 

i^r°(S^) = Z. Denote by ^ the generator of K~'^[-*). Then, one can show that K*{*) = Z[^]. 
As ^ is of degree -2, one has = Z and K-^'^''+^\*) = 0. # 

Here is now the main result in i^T-theory: 
Theorem 3.19 (Bott periodicity) 

For any locally compact space X, one has a natural isomorphism 

K%X X M') = K-\X) ~ K'^iX) 
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For any pointed compact space X, one has a natural isomorphism 

K\X A §2) = K-\X) ~ K\X) 

In reduced /T-theory, for two pointed compact spaces X, F , there is a natural (graded) 
product 

K*{X) ® K'iY) ^ K'{X A Y) 

Using y = S^, this product gives us an isomorphism 

which is exactly the Bott periodicity. Indeed, we saw in Example 13. 171 that is gener- 

ated by if — C (with {H — C)^ = 0). The Bott periodicity is the isomorphism 

/3 : K\X) ^ K\X A §2) = K-\X) 
{H — Q ■ a 

Example 3.20 (li'-theories of spheres) 

One has §" A ~ §"+™, so that i^0(§2") = A'0(§2"-2 a §2) = K^[g^) = Z. For odd degrees, 

one only needs to know K^{E>^). Using standard arguments from topology of fiber bundles 
(see |Ste51j for instance), there are no non trivial (complex) vector bundles over S^, so that 
V(§i) = N and then K°[s^) = Z and K°{S^) = 0. This shows that K^{S^"+^) = ^0(§i) = 0. 
Notice that because = §^ (one-point compactification), one has i^'^(]R) = 0. ♦ 

Proposition 3.21 (Six term exact sequences in 1^-theory) 

The Bott periodicity reduces the long exact sequences of Proposition 13.151 into two six term 
exact sequences 

K%X\Y) ^K%X) ^K%Y) (3.3) 

5 5 

K-\Y) K-\X) K~\X\Y) 

for locally compact spaces Y (Z X with Y closed, and 

k\x/Y) — - K\x) ^o(r) 

5 5 

K-\Y) K-\X) K-\X/Y) 

for pointed compact spaces Y d X with Y closed. 

Example 3.22 (/^'-groups for some topological spaces) 

Here is a table of some known i^-groups for ordinary topological spaces. 
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Topological space 



*, compact contractible Hausdorff space 

]0,1] 
M, ]0,1[ 



Z 



z 








z 



z 



z 

Z2"" 



W'', n > 1 
R2"+i, n > 
§2", n > 1 



z©z 



z 

Z2"" 



Remark 3.23 (Real topological ii'-theory) 

We have introduced the topological iT-theory using the complex vector bundles over topo- 
logical spaces. It is possible to define a real topological i^-theory in exactly the same way 
using real vector bundles. The theory is different. For instance, there are non trivial real 
vector bundles over §^ (think at the Moebius trip), but there are no non trivial complex 
vector bundles. In real ii'-theory the Bott periodicity is of period 8, and the six term exact 
sequence is replaced by a 24 terms exact sequence. ♦ 

Remark 3.24 (The origin of Bott periodicity) 

The first paper mentioning Bott periodicity, [Bot59j . was concerned with the homotopy of 
classical groups, in particular U{n) and 0{n). What Bott discovered is that if one denotes 
by f/(oo) = limU{n) and 0(oo) = limO{n) the inductive limits for the natural inclusions 
U{n) ^ UinTl) and 0{n) ^ 0{n +1), then 



In fact, for n large enough, Tik{U{n)) = 7rk{U{n + 1)) for n > k/2, so that this periodicity 
expresses itself before infinity. The period 2 for the complex case U (oo) (resp. 8 for the real 
case 0{oo)) is related to the period 2 for i^'-theory (resp. real i^-theory). See |Kar05] for a 



3.2 iT-theory for C*-algebras 

Topological ii"-theory is defined using some explicit geometrical constructions on vector bun- 
dles over a compact topological space X. These constructions, except the tensor product of 
vector bundles, can be described using the C*-algebra C{X). 

Indeed, it is a well known fact that continuous sections of a vector bundle E ^ X is a 
C(X)-module. Recall the following definitions about modules. From now on, every modules 
are left modules. 

Definition 3.25 (Finite projective modules) 

Let A be a unital associative algebra. 

M is a free A-module if it admits a free basis. 

M is a projective A-module if there exists a A-module N such that M (B N is a free 
module. 

M is a finite projective A-module if there exist a A-module N and an integer such 



7ik{U{oo)) = 7rfc+2(f^(oo)) 



7rfc(0(oo)) = 7rfc+8(0(oo)) 



review and references. 



♦ 



that M © AT 



A^. 



♦ 



16 



Theorem 13.51 can then be written in the following algebraic form: 



Theorem 3.26 (Serre-Swan, algebraic version) 

The functor "continuous sections" realizes an equivalence of categories between the category 
of vector bundles over a compact topological space X and the category of finite projective 
modules over C{X). 

Any finite projective module is characterized by the morphism of A-modules p : — > 
A^ which projects onto M. This morphism is representable as a projection p G Mi\f{A), 
p^ = p, p* = p, such that M = A^p. In particular, any vector bundle over X is given by a 
projection p e Mn{C{X)) = C(X,M„(C)) (see Example (23]). 

We have defined the topological K-theoij via the isomorphic classes of vector bundles. 
In the algebraic language, isomorphic classes correspond to some equivalence classes on pro- 
jections. Let us define some possible equivalence relations on projections in C*-algebras. 

Let us denote by 'P(A) = {p & A / p"^ = p* = p} the set of projections in a unital 
C*-algebra A. 

Definition 3.27 (Equivalences of projections) 

A partial isometry is an element v E A such that v*v G V{A). In that case, one can show 
that vv* G V{A). An isometry is an element i; G A such that v*v = 1. Unitaries are in 
particular isometries. 

Two projections p,q E ^(A) are orthogonal if = gp = G A. This means that they 
project on direct summands of A. In this situation p © g G V{A) is well defined. 
There are three notions of equivalence for two projections p,q E V{A): 

homotopic equivalence: p ~/j g if there exists a continuous path of projections in A 
connecting p and q. 

unitary equivalence: p ~„ g if there exists a unitary element m G A such that u*pu = q. 

Murray- von Neumann equivalence: p ~m. v.n. q if there exists a partial isometry f G A 
such that v*v = p and vv* = q. ♦ 

One can show that 



Define 'P„(A) C M„(A), the set of projections in M„(A). The natural inclusions i„ : 
Mn{A) >-> M„+i(A) with z„( a) — (o o) permits one to define iWoo(A) — \^^^^Mn{A) and 
Poo(A) = IJn>i^n(^)- The three equivalence relations defined above are well defined on 



Proposition 3.28 (Stabilisation of the equivalence relations) 

In Poo (A), the three equivalence relations coincide. 

We will denote this relation by ~. 
Definition 3.29 (Ko(A) for unital C*-algebra) 

Let V(A) denote the set of equivalence classes in Poo (A) for the relation ~. This is an abelian 
semigroup for the addition p©g = (0°) G Poo (A). 

The group Ko{A) is the Grothendieck group associated to (V(A), ©). ♦ 




^00 (A). 
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Example 3.30 (Ko(M„(C))) 

Let us look at the algebra A = C. In that case, a projection p G 'Poo(C) is represented by a 
projection p G MAr(C) for a sufficiently large A^. Such a projection defines the vector space 
Ranp C of dimension rank p. It is easy to see that the equivalence relation ~ detects 
only this dimension, so that V(C) = N and -K'o(C) = Z. 

Let us consider now A = Af„(C). One has Mjv(M„(C)) = Mjv„(C), so that Poo(M„(C)) = 
Vooi'^)) with the same equivalence relation. Then one has -K'o(M„(C)) = Z. This result is an 
example of Morita invariance of the i^-theory. ♦ 

More generally, by the same argument, one can show: 
Proposition 3.31 (Morita invariance of the 1^-theory) 

iro(M„(A)) = Ko{A) 

Example 3.32 {Ko{C{X))) 

Let X be a compact topological space. Then by Theorem 13.261 one has 

K,{C{X)) = K\X) 4 

Any morphism of C*-algebras : A — > B gives rise to a natural map (f) : "Poo (A) Poo(B) 
compatible with the relation ~ on both sides. This induces a morphism of semigroups 
V(A) — > V(B) and a morphism of abelian groups 0tt • -^o(A) Kq{Q). 

When the algebra A is not unital, consider its unitarization A_|_. Then one has the short 
exact sequence of C*-algebras 

-A^-A+^^C -0 

Definition 3.33 {Kq{A) for non unital C*-algebra) 

For a non unital algebra A, one defines 

Ko(A) = Ker(7rs : K^{A^) ^ K,{C) = Z) 4 

Remark 3.34 

Exactly as in Remark 13.121 this construction adds a point (the unity) and removes its contri- 
bution afterwards. In case A is unital, one can show that the two definitions coincide. More 
generally, as abelian groups, one has -K'o(A+) = Ko{A) © Z. ♦ 

Remark 3.35 (Interpretation of Kq{A)) 

An element in Kq{A) is a difference [p\ — [q] for some projections p,q & Vn{A^), for large 
enough n, such that [n{p)] — [7r(g)] = 0. In fact, it is possible to choose p and q such that 
p — q & M„(A) C Mn{Aj^) (p — g is not a projection in this relation!). Adding a common 
projection, one can always represent an element in Kq{A) as [p\ — [11^], where 11^ G M„(A+) 
is the unit matrix. ♦ 

Example 3.36 (Ko(B)) 

For any integer n and infinite dimensional separable Hilbert space 7Y, one has Mn{B) ^ B 
(because ~ Ti here), so we only need to consider projections in B. Two projections in 
B are equivalent precisely when their ranges are isomorphic. So that only the dimension 
(possibly infinite) is an invariant, and one gets V(i3) = N U {oo}, which produces Kq{B) = 
(see Example 13. 3p . ♦ 
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Definition 3.37 (Higher orders X-groups) 

Let A be a C*-algebra. The suspension of A is the C*-algebra SA = Co(M, A) (see Exam- 
ple EH]). 

For any n > 1, we define Kn{A) = Ko(5"A) where 5"A = S{S''-^A) is the n-th 
suspension of A. ♦ 

This definition leads to the following useful result: 

Proposition 3.38 (Long exact sequences) 

For any short exact sequence of C* -algebras 



^A ^A/I ^0 

there exist boundary maps 6 : Kn{A/I) Kn-iiJ) and a long exact sequence 

■ ■ K„(I) -ir„(A) -ir„(A/I)^K„_i(I) • • ■ 



■ ■ -^Koil) ^Ko{A) ^Ko{A/I) 

Remark 3.39 (Other definition of Ki(A)) 

Let us introduce the following groups 

• GL„{A^), invertible elements in M„(A_|_) 

• GL+(A) = {a G GL„(A_|_) / 7r(a) = E„} where n : A_|_ ^ C is the projection associated 
to the unitarization 

• Wn(A+), unitaries in M„(A+) 

. W+(A) = {ue Un{A+) I Txiu) = In} 

These groups define some direct systems for the natural inclusion g i— > ( q j ) . Denote by 
GLoo(A_|_), GL+ (A), Woo(A+) and U^{A) their respective inductive limits. 
One can show that for any C*-algebra A, one has 

K^{A) = GLoo(A+)/GLoo(A+)o = GL+ (A)/GLi(A)o 
= Woo(A+)/Woo(A+)o = W+ (A)/W+ (A)o 

where the index means the connected component of the unit element. ♦ 

Proposition 3.40 (Continuity for direct systems) 

Let {Ai,ai) be a direct system of C* -algebras. Then for any n one has KniliraAi) = 
\im Kn{Ai). ~^ 

Example 3.41 (Ko(/C)) 

The algebra of compact operators is the direct limit JC = limM„(C). As i^'o(M„(C)) = Z is 
a stationary system, one has Kq{IC) = Z. Explicitly, the isomorphism is realized as the trace 
[p] t-^ Tr(j9). t 

More generally we have: 
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Proposition 3.42 (Morita invariance of X-theory) 

For any C*-algebra A, and any n, one has Kn{A (8> /C) = Kn{A). 

Here is the version of Bott periodicity for i^-tlieory of C*-algebras: 

Theorem 3.43 (Bott periodicity) 

For any C* -algebra A, one has 

MS^A) = K,iA) ~ KoiA) 
Proposition 3.44 (Six term exact sequence) 

The Bott periodicity theorem reduces the long exact sequence associated to any short exact 
sequence of C* -algebras to a six term exact sequence 

Ko{I) Ko{A) Ko{A/l) 

5 5 

MA /I) ^ K,iA) ^ K^[\) 

Remark 3.45 (i^-groups via homotopy groups) 

We have seen in Remark 13.391 that the -group can be defined using the 0-th homotopy 
group as -ft'i(A) = 7ro(Woo(A_,_)). It is possible to show that more generally 

K^{A) = 7r„_i(Woo(A+)) 

Bott periodicity is then directly equivalent to 

vrn+2(Woo(A+)) ~ 7r„(Woo(A+)) 

Because Un{A+) and G'L„(A+) have the same topology (one is the retraction of the other), 
these relations make sense with GLoo{A^). ♦ 

Example 3.46 (X-groups for some C*-algebras) 

Here is a table of some known i^-groups for ordinary C*-algebras. 



Algebra 


Ko 


Ki 


C, Mn{C), }C{TC) (compacts op.) 


Z 





B(H) (bounded op.) 








qIh) (Calkin's alg.) 





z 


T (Tceplitz' alg.) 


z 





On,n>2 (Cuntz' alg.) 







Ae, 9 irrationnal 


Z2 ~ 0Z + z 


Z2 


C*(F„) (F„, free group with n generators) 


z 


Z" 


M„(A), A ® /C (stabihsation) 


Ko{A) 


^i(A) 


A_|_ (unitarization) 


Ko(A) ©Z 


^i(A) 


SA = Co(]0, 1[, A) (suspension) 


K,{A) 


Ko{A) 


CA = Co(]0,l],A) (cone) 
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Remark 3.47 (X-theory computed on dense subalgebras) 

For a lot of examples, one can compute the i^'-groups of a C*-algebra A using a dense 
subalgebra B. For instance, for any compact finite dimensional manifold M, the /T-theory 
of C{M) (continuous functions) is the same as the ii'-theory of the Frechet algebra C°°{M). 
The same situation occurs for the irrational rotation algebra: KniAe) = Kn{A'^). 

In the geometric situation, it is possible to understand this result. Smooth structures are 
sufficiently dense in continuous structures: any continuous vector bundle can be deformed 
into a smooth one. . . 

Here is a description of some more general situations. Let A be C*-algebra (or a Banach 
algebra) and A°° C A a dense subalgebra (but not necessarily a C*-subalgebra). The expo- 
nent oo does not mean that we consider "differentiable" functions, even if in practice this can 
happen: think about A'^ C as a typical example. Let A4. and A^ their unitarizations. 
Suppose that A'^ is stable under holomorphic functional calculus, which means that for any 
a e A'^ and any holomorphic function / in a neighborhood of the spectrum of a, f{a) G A^^. 

Using the topologies induced on A^^ and GLn{A'^) by the topologies on A_,_ and (jL„(A_|_), 
it is possible to define /^-groups by using the relations in Remark 13.451 Then one has the 
density theorem: the inclusion i : A°° — > A induces isomorphisms 

: Kn{A^) ^ Kn{A) 

for any n > 0. ♦ 
Remark 3.48 (X-homology) 

As for many other ordinary homologies, there exists a dual version of the i^-theory of C*- 
algebras, named i^'-homology, which we outline here. 

A Fredholm module over the C*-algebra A is a triplet (7i, p, F) where 7i is a Hilbert 
space, p is an involutive representation of A in B{T-C), and F is an operator on Ti. such that 
for any a G A, (F^ — l)p(a), (F — F*)p{a) and [F, p{a)] are in /C. Such a Fredholm module 
is called odd. 

A Z2-graded Fredholm module is a Fredholm module (H, p, F) such that H = © Ti.^ 
and p(a) is of even parity in this decomposition, and F is of odd parity: p(a) — ( p ^""^ ° 



p~{a) 

and F = ( ) . With these notations, : — are essentially adjoint (adjoint 
modulo compact operators). Such a Fredholm module is called even. 

In the even case, one has a natural grading map ■y : H H defined by 7 = ( J ) on the 
decomposition TC = © TC~ . It satisfies 7 = 7*, 7^ = 1, 7p(a) = p(a)7 and 7F = — F7. 

Two Fredholm modules {T-C,p,F) and {T-C',p',F') are unitary equivalent if there exists a 
unitary map U : H' ^ H such that p' = U*pU and F' = U*FU. This defines an equivalence 
relation ~^ of Fredholm modules. 

A homotopy of Fredholm modules is a familly t 1— > (7i, p. Ft) with [0, 1] 3 t Ft contin- 
uous for the operator norm in Ti. Two Fredholm modules are homotopic equivalent if they 
are connected by a homotopy of Fredholm modules. This defines an equivalence relation 

The direct sum of two Fredholm modules (TC, p, F) and (H', p', F'), denoted by (H, p, F) © 

iW, p', F'), is defined by © H', ( ^ ) , ( )) • 

The iiT-homology group K^{A) of A is the Grothendieck group of the abelian semigroup 
of equivalence classes of even Fredholm modules for and The unit for the addition is 
the class of the Fredholm module (0, 0, 0), the inverse of the class of (H, p, F) is the class of 

{n,p,-F). 
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The /T- homology group K^{A) is defined in the same manner using odd Fredholm mod- 
ules. 

A degenerated Fredholm module is a Fredholm module for which [F — F*)p{a) = 0, 
(F^ — l)p(a) = and [F, p{a)] = for any a G A. The equivalence class of such a Fredholm 
module is zero. 

In each equivalence class, there is a representative for which F* = F (self-adjoint Fredholm 
module) and F"^ = 1 (involutive Fredholm module). 

For A = C, the representation p defines a projection p = p{l) on Ti, and one can show that 
modulo compact operators, one has (H,p,F) = {pH, p,pFp) Q) {{I — p)^, p, {1 — p)F{l — p)). 
The representation for the second Fredholm module is zero, so that its class is zero. pFp is an 
ordinary Fredholm operator on 7i, and its index induces an isomorphism Ind : K^{C) ^ Z. 

For any C*-algebra A, let p be a projection in ^^(A), and {TC, p, F) a Fredholm module. 
Then, in the Hilbert space p{p){H ® C"), the operator p{p){F ® ]l„)p(p) is a Fredholm 
operator, and its index defines a pairing between Kq{A) and K^{A): ([p], [(7i, p, F)]) = 
Indp(p)(F ® tn)p{p) e Z. 

For more developments in i^-homology, see |Bla98j and |HR04] . ♦ 



3.3 Algebraic K-theory 

Until now, i^-theory has been defined using topological structures, either at the level of a 
space or at the level of an algebra (remember that they are the manifestations of the same 
topological structure in the commutative case). 

Nevertheless the group -K'o(A) can be defined in the pure algebraic context. Indeed, to any 
ring A, which we take unital from now on, one can associate its category of finite projective 
modules. 

Definition 3.49 {Kf^{A) for unital ring A) 

The group K^^{A) is the Grothendieck group associated to the semigroup of isomorphic 
classes of finite projective modules on A, on which the additive law is induced by the direct 
sum of modules. ♦ 

As in the topological case, every finite projective A-module M is characterized by a 
(non unique) projector p G Mm(A). Be aware of the different terminologies that are used. 
"Projection" is reserved to the C*-algebra context, because in that case p satisfies p^ = p 
and p* = p. "Projector" is more general, in that case p satisfies only p"^ = p. 

The equivalence relation we use on these projectors is the following: 

Definition 3.50 (Equivalence relation on projectors) 

Two projectors p G Mm(A) and q G M„(A) are equivalent if there exist an integer r > 171,11 
and an invertible u G GL^(A) such that p,q E Mr(A) are conjugated by u: p = u~^qu. We 
donote by ~ this equivalence relation. ♦ 

If p ~ g, then they define isomorphic finite projective modules. 

In case A is a C*-algebra, one can show that in the equivalence class of any projector p 
one can find a projection. This means that the two semigroups which define the iiT-theories 
are the same : 

Kf'^iA) = Ko{A) (as a C*-algebra) 
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For higher order groups, the situation is no more equivalent. The Definition 13.371 (or 
their equivalent ones given in Remark 13.451) uses extensively the topological structure of the 
algebra, either to define continuous functions M ^ A or to compute the homotopy groups of 
the spaces Woo(A+) in Remark [3. 45[ 

Nevertheless, one can define K'^^^{A) as follows: 

Definition 3.51 (Kp(A) for unital ring A) 

One defines 

<^(A) = GL^iA)/[GL^iA), GL^iA)] = GL^{A),,, # 

Let A be a C*-algebra. A well known fact about invertibles is that if u,v G GLoo{A) 
then uv and vu are homotopic. So that there is a natural morphism of groups 

irf*^(A) ^ Ki{A) (as a C*-algebra) 

which factors out by the homotopic relation. 

For every n > 2, there is a definition which surprisingly uses some topological objects: 
K^^{A) is the 7r„ group of a topological space associated to the classifying space BGLqq{A) 
where GLoo(A) is considered ClS db discrete group. 

In algebraic ii'-theory, there is no Bott periodicity, but there are some other beautiful 
and powerful results which are beyond the scope of this introduction: in the following, we 
will only make use of Kq^^{A) and Kf^{A). For a review, see |Kar03] or |Ros94j . 

4 Cyclic homology for (differential) geometers 

Now we have in hand some tools to characterize noncommutative topological spaces. But 
topology is not everything in life. Differential geometry has to be considered also! In this 
section, we will explore other concepts that look very much like differential forms. 

4.1 Differential calculi 

Differential forms on a differentiable manifold define a differential graded commutative alge- 
bra. This concept can be generalised: 

Definition 4.1 (Differential calculus on an algebra) 

Let A be an associative algebra. A differential calculus on A is a graded differential algebra 
(n*,ci) such that = A. 4 

Remember the definition of a graded differential algebra: Q' is a graded algebra on which 
the differential satisfies d{ujr]) = {duj)r] + {—iy^^uj{dr]) for any uj,r] gVI* and where |ci;| is the 
degree of u. 

In this definition, one does not suppose this graded algebra to be a graded commutative 
algebra. 

Example 4.2 (de Rham differential calculus) 

Let M be a finite dimensional differential manifold. The graded differential algebra [Q*{M), d) 
of differential forms is a differential calculus on C°°{M). ♦ 
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There are many possibilities to define a differential calculus on an algebra. One can 
summarize the questing after noncommutative differential geometry to the search of some 
reasonable definition of such a differential calculus on any algebra. Many propositions have 
been made, depending on the context: associative algebra without any additional structure, 
topological or involutive algebras, quantum groups. . . 

Some examples will be given after we introduce three main examples which are the uni- 
versal differential calculi. 

Example 4.3 (Universal differential calculus for associative algebra) 

This differential calculus is defined to be the free graded differential algebra generated by A 
as elements in degree 0. It is denoted by (f2*(A), d). 

Because it is freely generated, it has the following universal property: for any differential 
calculus (Jl*, d) on A, there exists a unique morphism of differential calcuh cf) : Q'(A) — > Q* 
(of degree 0) such that (p{a) = a for any a E A = (]°(A) = 

This implies that if {Q*,d) is generated (possibly with relations) hy A — fl^ then it is a 
quotient of {fl'{A),d) by a differential two-side ideal. 

Concretely, any element in fi"(A) is a sum of terms either of the form adbi . . . dbn or of 
the form dbi . . . dbn- This property gives us an identification of left A-modules 

n'\A) = A+ ® A®" 

by the morphism adbi . . . dbn ^ (0 -|- a) (8) 6i (8) • • • (8) 6„ and dbi . . . dbn ^ (1 + 0) (8) 6i (8) • • • (8) 
where (0 + a) and {1 + 0) are elements in A^ = C © A. Be aware of the fact that this 
identification is not an identification of graded differential algebras, neither of bimodules. ♦ 

In the differential calculus (f2*(A), d), if A is unital, dl is not zero, because it is identified 
with 1 (8 1 e A_|_ (8) A. It is the aim of the following example to show that in the more 
restrictive situation where A is unital, one can promote the unit of A to a unit of the 
differential calculus. 

Example 4.4 (Universal differential calculus for associative unital algebra) 

Let A be an associative unital algebra. The differential calculus (r2^(A), du) is defined to be 
the free unital graded differential algebra generated by A in degree 0. 

Because this algebra is required to have an unit, this unit is necessarily the unit in 
A = fi^(A). Then the derivative law for du gives du'^ — 0. This differential calculus admits 
a universal property as the previous one does: for any unital differential calculus {Q*,d,) on 
A, there exists a unique morphism of unital differential calculi (j) '■ ^ui-^) ~^ ^* i^^ degree 
0) such that 0(a) = a for any a e A = l^^(A) = fl^. 

Because (f2^(A), du) is a differential calculus generated by A, it is a quotient of (f2*(A), d). 
This quotient reveals itself in the concrete identification of Q'(A): any element in 0,'^{A) is 
a sum of terms of the form adubi ■ ■ ■ dubn- Here a can be 1, and in this case Idubi ■ ■ ■ dubn = 
dubi ■ ■ ■ dubn- If one of the b^ is proportional to 1, one has adubi ■ ■ ■ dubn = 0. This leads to 
the identification of left modules 

Q^(A) = A (8 A®'' 

by the map adubi . . . dubn >—>■ a ® bi ^ ■ ■ ■ <^ bn, where b is the projection of 6 e A onto the 
vector space A = A/Cl. ♦ 
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In these two examples, even if the algebra A is commutative, the graded algebras are 
not graded commutative. For commutative algebras, it is possible to construct a differential 
calculus with a graded commutative algebra. 

Example 4.5 (Kahler differential calculus for commutative unital algebra) 

Let A be an associative commutative unital algebra over a field K. The Kahler differential 
calculus (f^^|K' ^k) is defined to be the free unital graded commutative differential algebra 
generated by A in degree 0. 

One can show that the algebra is an exterior algebra over A: fi^ij^ = Aa^a|k- 

Moreover, let I C A ® A be the kernel of the product map /i : A A — ^ A. Consider A ® A 
as an algebra (commutative) and introduce I^, generated by the products of elements in I. 
Then one has the explicit construction f^^i^ = I/I^- 

We denote by vr, : r2'(A) ^a|c universal projection, given explicitly by 

TTniaodao ■ ■ ■ dan) = aodxCii A ■ • ■ A dKOLn T^n{daQ ■ ■ ■ dan) = dxCii A ■ • • A dKOLn 

The cohomology of this differential algebra is denoted by i^'p^(A), and is called the 
de Rham cohomologie of the commutative unital algebra A. This terminology comes from 
the fact that this differential calculus looks very much like the de Rham differential calculus 
(see Example ♦ 
Example 4.6 (Polynomial algebra) 

Let \^ be a finite dimensional vector space over C. Consider the commutative algebra SV 
of polynomials on V . Then one has the identification SV" ® f^V = ^sv\c map 
a ® w I— > adxv in degree 1. This differential calculus is the "restriction" of the de Rham 
differential calculus of C°° functions to the subalgebra of polynomial functions. ♦ 

Example 4.7 (Spectral triplet) 

Let A be an involutive unital associative algebra. A spectral triplet on A is a triplet (A, Ti, D) 
where 7i is a Hilbert space on which an involutive representation p of A is given, and D is a 
self-adjoint operator on H (not necessarily bounded), whose resolvant is compact, and such 
that [D,p{a)] is bounded for any a G A. The operator D is called a Dirac operator. 

The map n : ^^(A) B{H) defined by iT^aoduai ■ ■ ■ duan) = ao[-D, ai] ■ ■ ■ [D, an] is an 
involutive representation of fi^(A) on Ti. 

Define Jo = 0„>Q(Ker7r fl fijy(A)). One can show that J = Jq + duJo is a differential 
two-sided ideal in r2^(A). The differential calculus defined by the spectral triplet (A,7i, D) 
is the graded differential algebra ^^(A) = fi^(A)/J. 

This construction is inspired by the definition of Fredholm modules, which are the building 
blocks of if-homology (see Remark 13. 48p . 

See |Con94] and |GBVFOl] for more details and examples. ♦ 

Example 4.8 (Derivations based differential calculus for associative algebra) 

Let A be an associative algebra. The space of derivations on A, Der(A) = {X : A 
A / X linear map and X{ab) = {Xa)b + a{Xb)}, is a Lie algebra and a module over the 
center Z[A) of A. 

Let n^g^(A) be the set of 2(A)-multilinear antisymmetric maps Der(A)" —>■ A. Define 
on n^JA) = e„>o^Scr(A) the product 

(^r^)(Xi, . . . ,X,+,) = ^ E (-l)"''^^'^^c.(X.(i), . . . ,X.(,))r^(X.(p+i), . . . ,X.(,+,)) 
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for any Xi G Der(A), any u G f2^(,j.(A) and any r] G ^^^^^.(A). Introduce on this graded 
algebra the differential d : n^^^iA) llSe/(A): 

n.+l 

du{X,, . . . ,X„+i) = 5^(-l)^+iX,a;(Xi, . . . Y . . . ,X„,+i) 
1=1 

+ Yl i-'^y^'<x,,x,], . . . y . . . V . . . ,x„+i) 

Then {Ql)^j.{A) , d) is a differential calculus on A. 

This differential calculus is not a priori generated by A in degree 0. The differential 
calculus generated by A in {Q^^j.{A) , d) is denoted by {Q^^j.{A) , d) . 

For A = C°°{M), the Lie algebra Der(A) is the Lie algebra of vector fields on the manifold 
M, and this differential calculus (the two coincide here) is the de Rham differential calculus. 

For A = M„(C), the Lie algebra Der(A) identifies with s[„(C), and the differential 
calculus identifies with the Lie complex M„(C) ® /\*s[„(C)* for the adjoint representation of 
s[„(C) on M^( C). 

See |DV88j . |DVKM90bj . |DVKM90aj . |DVM98j . |Mas99] . |MS05] for more details, ex- 
amples and applications. ♦ 



4.2 Hochschild homology 

The Hochschild homology will not be presented here in its full generality. We refer to |Pie82j . 
|Lod98] and |GS88j (for instance) to get further developments. What will be presented here is 
the relation between Hochschild homology with values in the algebra itself and the differential 
calculi introduced above. These constructions are necessary to introduce and understand 
cyclic homology. 

Let A be an associative algebra, not necessarily unital. As usual we denote by A_|_ = C© A 
its unitarization. 

The Hochschild homology we are interested in is defined using the following bicomplex 
CC,,, (A) with only two non zero columns: 

t : A®" A®" is the cyclic operator: 



b 

A 

b 



A- 



1-t 



-b' 



-b' 



1-t 



t{ai ® ■ • • (g) a„) = (-l)"'+^a„ (g) ai (g) ■ • ■ (g) a„_i 

b : A®"+^ A®"- is the Hochschild boundary for the Hochschild 
complex with values in A: 



71-1 



b{ao ■ ■ ■ (8 a„) = ^(-l)^ao ® ■ ■ ■ ® a^ap+i (g) ■ ■ ■ 

p=0 

+ (-l)"a„ao (g fli 



(g an 



b' : A 



{g)n+l 



• ■ (g fln-l 

A®" is the first part of the Hochschild boundary b: 



n-l 



b'{ao (g ■ ■ ■ (g a„) = ^(—1)^00 (g ■ ■ ■ (g flpCtp+i (g ■ ■ ■ (g a,, 

p=0 
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One can show the relations 

6' = 6'" - 6(1 -t) = {l- t)h' 

The total complex of this bicomplex is given in degree n by CCn\-^) = A®""*"^ © A®", 
with the total differential 

'h 1-t' 
-h' 



in matrix form. 

Now, notice that Cdi\A) = A^"+^ © A®" = A+ © A®" = (]"(A) in degree n > 1 and 
CCq^\A) — A. In this identification, the differential bn takes the very simple expression 

bH{ujda) = {-l)''[uj,a] 



Definition 4.9 (Hochschild homology with values in the algebra) 

Let A be an associative algebra. The Hochschild homology HH,{A) is the homology of the 

(2) 

total complex of the bicomplex CC;,,(A) defined above, i.e. the homology of the complex 

This second complex takes the form 

n%A)J^- ■ .^Q"(A)-^Q"+i(A)-^- • • 



Notice that bn is of degree —1, but the differential, which has not appeared in this construc- 
tion, is of degree 1. 

Remcirk 4.10 (The unital case) 

When the algebra is unital, the second column (the one with b') is exact: it admits the 
homotopy 

s{ai © • • • © a„) = 1 © ai © ■ ■ ■ © a„ (4.4) 

Using standard spectral sequence arguments on this bicomplex, the homology of the total 
complex is then the homology of the first column. In this case, one recovers the definition of 
the Hochschild complex which is usually given in textbooks: 

- ^ J^»n b j^igm+l ^ b _ _ ^^^^^ 

One can even go a step further. It is possible to consider a quotient of this complex, 
called the normalized complex, and to show, by standard arguments coming from the theory 
of simplicial modules, that its homology is the same as the homology of the previous complex. 

This normalized complex is defined by removing any contributions coming from elements 
proportional to the unit in the last n factors in A®"+^. The first factor is not affected 
because it is in fact the A-bimodule in which the Hochschild homology takes its values. The 
normalized complex is then defined on the spaces A © A^^ (where as before A = A/Cl) 
on which it is easy to check that the differential b is well-defined. But now, one has the 
identification Q^[A) — A© A^", so that in the unital case, the Hochschild homology can be 
computed from the complex 

nlj{A)^ ■J^n^{A)^ni+\A)^ — (4.6) 

♦ 
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Definition 4.11 (The trace map) 

(2) (2) 

The trace map Tr : CCA \Mn{A)) —>■ CCn (A) is the morphism of complexes defined by 

Tr(ao <8) • • • (8) an) = ^ ao,ioji an,i„io 

(io,.--,in) 

where = iar,ij)i,j e M„(A). 

Proposition 4.12 (Morita invariance of Hochschild homology) 

For any unital algebra A and any integer n, the trace map induces an isomorphism 

M.(M„(A)) ~ HH,{A) 



In fact, Morita invariance of the Hochschild homology of unital algebras is stronger than 
the one presented here. It is invariant for the Morita equivalence defined which we now 
define: 

Definition 4.13 (Morita equivalence of algebras) 

One says that two algebras A and B are Morita equivalent if there exist an A-B-module M 
and a B-A-module N such that A ~ M ®b N and B ~ iV ®a M as bimodules over A 
and B respectively. ♦ 

For instance, A is Morita equivalent to B = M„(A) using M = written as a row and 
iV = A" written as a column. 

Morita invariance of the Hochschild homology can be extended to the class of if-unital 
algebras, which contains the unital algebras. 

Definition 4.14 (iJ-unital algebras) 

A i?-unital algebra is an algebra A for which the complex (A®*, b') has trivial homology. ♦ 

Example 4.15 (The algebra C) 

In the case A = C, one has 

HHo(C) = C Mn(C) = for n > 1 # 



Example 4.16 (Tensor algebra) 

Let K be a finite dimensional vector space and A = TV the tensor algebra over V. Denote 
by t the cyclic permutation acting on A in each degree (the t defining the bicomplex). Then 

HHo{A) — ®rn>o [V^"^/ Ran(l — t)) co-invariants under the action of t 

HHi(A) = ®m>i (l/®"*)* invariants under the action of t 

M„(A) = for n > 2 ♦ 



Example 4.17 (Relation with Lie algebra homology) 

Any associative algebra A gives rise to a Lie algebra Auc where the vector space is A and 
the Lie bracket is the commutator: [a, b] — ab — ba. In the following, A is supposed to be 
unital. 
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The permutation group ©„ acts on A*^" by cr(ai C?) ■ ■ ■ a„) = ao--i(i) ® ■ ■ ■ <S) ao-i(„). Let 
us define e„ = XIo-gs (— : A*^" A^" the total antisymmetrisation. It induces a 
natural morphism 

e„ : A'^A ^ A®« 
ai A ■ ■ ■ A On ^— e„(ai (g> ■ ■ • a„) 

which can be shown to commute with the boundary d of the Lie algebra complex /\'Aue and 
the boundary b of the Hochschild complex, so that the morphism of differential complexes 
e, : {/\'Aue,d) (A®*, 6) induces a morphism in homologies 

ei:H.{f\'Au,,d)^HH,{A) 

If one consider the universal enveloping algebra U{q) of a finite dimensional Lie algebra 
0, one can show that HH,(U{g)) ~ H,{q]U{q)) where on the right it is the ordinary Lie 
algebra homology defined with the complex d). ♦ 

Example 4.18 (The commutative case) 

Let us suppose that A is a commutative unital algebra. Consider the constructions of Ex- 
ample I4.17[ Here the Lie structure on A^e is trivial, so that (9 = 0, and the morphism is 
in fact a morphism : /\'A — > HH,{A). 
One can show that there is a natural map 

ai A ■ ■ ■ A an dai A ■ ■ ■ A dan 

through which factors. One then get a natural map (also denoted by ej): 

: l^Xic - m.(A) 
dai A ■ ■ ■ A dan ^ [^n{cii ® • ■ ■ ® 

where on the right hand side the brackets mean the homology class. ♦ 

Example 4.19 (Polynomial algebra) 

For a finite dimensional vector space V and the commutative unital algebra SV of polynomials 
on V, one has 

HH,{SV) = SV0 /\'V = fi^v-ic ♦ 

This is a particular situation of a more general theorem for which we need the following 
definition: 

Definition 4.20 (Smooth algebras) 

A commutative algebra A is a smooth algebra if for any algebra B and any ideal I in B such 
that = 0, the map Homc(A,B) — >■ Homc(A,B/I) is surjective. This means that every 
morphism of algebras A — B/I can be lifted to a morphism of algebras A ^ B. ♦ 

Then one has the following result: 
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Theorem 4.21 (Hochschild-Kostant-Rosenberg) 

For any unital smooth commutative algebra A, the map ej : —>■ HH,{A) of Example \4. 18\ 
is an isomorphism of graded commutative algebras: 

HH.{A) ^ 

The natural map which identifies a differential forms in i7"(A) to a differential form in 
^A|c explicitly given by Oorfao ■ ■ ■ dan ^ -^CLodxao A ■ ■ ■ A dxCLn- Notice the extra factor 
^ compared to the universal projection 7r„ of Example 14. 51 This factor is required to get a 
further identification of the differential on the Kahler differential calculus with the B operator 
in cyclic homology (see |Lod98j ) and to get a morphism of graded commutative algebras. 

Remark 4.22 (Extension to topological algebras) 

One can generalize the definition of the Hochschild homology given above to take into account 
some topological structure on the algebra A. In order to do that, one defines the spaces A®" 
using a tensor product adapted to the topological structure on the algebra. The Hochschild 
homology one obtains in this way is called the continuous Hochschild homology. 

For Frechet algebras, such a continuous homology is well defined and leads to the next 
two very interesting examples. ♦ 

Example 4.23 (The Frechet algebra C°°(M)) 

Let M be a C°° finite dimensional locally compact manifold. Then Connes computed its 
continuous Hochschild homology in |Con85j and found the following result which generalizes 
the Hochschild-Kostant-Rosenberg theorem: 

HH^°''\C°°{M)) = (M) (complexified de Rham forms) 

For reasons that will be explained later, this isomorphism between vector spaces, which we 
denote by (j), is explicitly given in terms of universal forms by 

• \ A: 1 / ■ \ k+1 



where vr, : f2*(C°°(M)) f2*(M) is the universal map defined in Example 14. 5[ ♦ 
Example 4.24 (The irrational rotation algebra) 

The continuous Hochschild homology of the Frechet algebra [Q irrational) has been 
computed by Connes in |Con85j . Let A = exp(2i7r6'). 

If A satisfies some diophantine condition (there exists an integer k such that |1 — A"|^^ is 
0{n'')), then 

For any A: 

HH^''''\Af) = C HH^°''\A'^) = forn > 3 

If A does not satisfy some diophantine condition, HHq"^^{A^) and HH^°^^{A^) are infinite 
dimensional. ♦ 
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Definition 4.25 (Hochschild cohomology) 

Recall that the dual A* of an algebra A is a bimodule on A for the definition (a06)(c) = (f){bca) 
for any G A and a,b,c G A. The Hochschild complex (C*(A),5) for the Hochschild 
cohomology with values in the bimodule A* is defined by 

C"(A) = Hom(A®'^, A*) = Hom(A®"+\C) 

and by 

n 

S(j){ao ® ai (g) • • • (g) On+i) = ^(-l)^0(ao ® ai ® ■ ■ ■ ® a^ap+i ® ■ • • (g) On+i) 

p=0 

+ (-l)"+V(an+iao <g) Ol <g) • • • <g) On) 

By construction, 5 is the adjoint to b in homology 

The cohomology of this complex is denoted by HH*{A). ♦ 



4.3 Cyclic homology 

Cyclic homology is defined using a bicomplex CC,,,(A) constructed using the bicomplex 
CClfi(A) of the Hochschild homology In order to do that, we need a new operator. 
N : A®" — > A®" is the norm operator defined by 

N =i + t + --- + r 



Then one has the relations 

{l-t)N = N{l-t)^0 



b'N = Nb 



The bicomplex CC,,,(A) is a repetition of the bicomplex CCifi(A) infinitely on the right, 
using N to connect them. In terms of the algebra A, one has 



b 

A' 

b 



1-t 



1-t 



-V 
-V 



-b' 



N 



N 



b 



b 



1-t 



1-t 



-6' 
J^<S>n+l 

-V 



-b' 



N 



N 



1-t 



N 



1-t 



N 



Definition 4.26 (Cyclic homology) 

Let A be an associative algebra. The cyclic homology HC,{A) of A is the homology of the 
total complex of the bicomplex CC,^,(A) defined above. ♦ 
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Any morphism of algebras : A ^ B induces a natural map of bicomplexes CC, ,(A) —>■ 
CC,^,(B), so that one gets an induced map in cyclic homology ip^ : HC,{A) HC,(B). 

Remark 4.27 (The Connes complex) 

In |Con85] . Connes introduced cyclic cohomology, a dual version of cyclic homology. The 
way he introduced it did not rely on a bicomplex, but on a subcomplex of the Hochschild 
complex for cohomology. Some details of this construction are given in Example 14.531 In a 
dual version, one can define the Connes complex to compute cyclic homology as a quotient 
of the Hochschild complex for homology for a unital algebra. 

To the bicomplex defined above, add a column on the left whose spaces are the cokernels 
of the morphisms : A®"+^ a®"+\ which we denote by C^(A) = A®"+V Ran(l -t). 

One can then check that the operator 6 is a well-defined operator on C^(A) = ©„>oC^(A) 
which satisfies 6^ = 0. Denote by H^{A) the homology of this complex. The total complex 
TCC,(A) of CC,,,(A) projects onto the complex C^(A), sending the column p = onto 
C^(A) and the other columns onto 0. One then gets a morphism in homology 



When the field over which the algebra is defined contains Q, this is an isomorphism. To 
show that, one introduces an explicit homotopy for the horizontal operators which shows 
that the horizontal homology of CC,_,(A) is trivial. By standard arguments on bicomplexes. 



Remark 4.28 (The horizontal homology of CC,,,(A)) 

One can show that for any algebra A, the homology of any row of CC,^,(A) is the group 
homology A®""*"^) of the cyclic group with values in the C„+i-module A®""*"^ 



We have seen that the total complex of CC,,, (A) can be written in terms of the universal 
differential calculus f2*(A) with the boundary operator Bh- We can do something similar 

(2) 

here. Every grouping of two columns isomorphic to CC;,, (A) can be "compressed" as we 
did for the Hochschild bicomplex. The operators b, b' and (1 — t) are then replaced by the 
unique operator bn '■ f2"(A) —>■ Q^^^{A). The operator is replaced by a new operator 
B : Q,"'{A) f2"+^(A), which takes the matrix form 



in the decomposition Q^{A) = A®"+^©A®'". In order to have a pleasant diagram representing 
the new bicomplex, lift vertically each column on the right in proportion to its degree in the 



HCiA) ^ H^iA) 



this proves the assertion. 



♦ 



(for the action induced by t). 



♦ 
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horizontal direction. We then get the following (triangular) bicomplex 



bH 



bH 



Q"+i(A) Q"(A) ^-^ 



bH 



bH 



bH 
bH 



bH 

Qi(A) 

bn 

fiO(A) 



bn 



QO(A) 



bn 
bn 



bn 

bn 
00(A) 



bn 

QO(A) 



QO(A) 

The total homology of this bicomplex is again the cyclic homology of A. 
Definition 4.29 (Mixed bicomplex) 

A mixed bicomplex is a N-graded complex M, = ®„>o equipped with a differential 6m 
of degree —1 and a differential Bm of degree +1 such that 



^mBm + BMbu 







The homology of the complex (M, 6m) is called the Hochschild homology of the mixed 
bicomplex, and it is denoted by HH,M = H,{M, Bm)- 

We associate to such a mixed bicomplex the N-graded complex M, defined by 

M„ = Mn-2p 

on which we introduce the differential operator B'j^ — 6m where B'j^ : M^-i is Bm on 

Mn-2p such that < 2p < n and on M„. The cyclic homology of the mixed bicomplex is 
the homology of this differential complex: HC,M = H,{M, B'^ 



M 



Two mixed bicomplexes (M,, 6m, Bm) and (A^",, 6^^, B^) are said to be 6-quasi-isomorphic 
if there exists a morphism of mixed bicomplexes ip : {M,,bM, Bm) — {N,,bN, Bn) {(p is of 
degree and commutes with the 6's and B^s) which induces an isomorphism in Hochschild 
homology. ♦ 

Proposition 4.30 

Two b-quasi-isomorphic mixed bicomplexes have the same cydic homology. 
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Example 4.31 (The mixed bicomplex {Q*{A),bH, B)) 

The motivation for the above definition is the example of the N-graded module f2*(A) with 
two differentials bn and B. The definitions of Hochschild and cyclic homology reproduce the 



Example 4.32 (The mixed bicomplex {HH,{A),0, B^)) 

Because the differential B commutes with the differential bn, it defines a morphism on the 
Hochschild homology HH,{A). With this induced morphism, the triplet {HH,{A),0, B^) is 
a mixed bicomplex, whose Hochschild homology is the Hochschild homology of A. Indeed, 
taking Hochschild homology maps 6// to the zero operator. 

Now, using standard argument on the spectral sequence constructed on the filtration by 
vertical degree, one can see that this mixed complex computes the cyclic homology of A. ♦ 

Remark 4.33 (Some ideas to compute cyclic homology) 

Example 14.321 teaches us that in order to compute cyclic homology, one can first compute 
Hochschild homology, then look at the operator induced by B, and compute the Bf^- 
homology. Many examples of concrete computations of cyclic homology are performed this 
way. Obviously, this supposes that Hochschild homology is computable! 

Another approach is to consider the simplest possible differential complex which computes 
the Hochschild homology of the algebra, and then guess a B operator on it in order to build 
a mixed bicomplex 6-quasi-isomorphic to one of the standard mixed bicomplexes given here. 
Because Hochschild homology can be defined through projective resolutions, such simple 
differential complexes are usually possible to find. ♦ 

Example 4.34 (Mixed bicomplexes for the unital case) 

Let us suppose now that the algebra A is unital. Then we know that the Hochschild homology 
can be computed with the complex (14.51) . Using the ideas of Remark 14.331 one can find a B 
operator on this complex in order to make it into a mixed bicomplex. 

This operator is defined by -B = (1 — t)sN : A®" — A'^'^""'"^) where t and have been 
introduced before, and s : A®" — A*^*^""*"^) is the homotopy (14.41) . Explicitly, one has 



ones we introduced before. 



♦ 



B{ao ai • ■ ■ ® a„) 



1)"^]1 ® ap • ■ ■ ® a„ (g) ao ® ■ • • ap_i 



p=0 




ap_i ® ]1 ® Op (S) ■ ■ ■ ® a„ ao (S) • ■ ■ ap-2] 



In low degrees, these expressions take the following forms 



B{ao) = 1 (g) ao + do ® ]1 
B{ao ® ai) = (1 ® ao ® o-i — 1 ® ai ® ao) + (ao ® ]1 CS) ai — ai ® 1 ao) 
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This mixed bicomplex (A'^^*^^\b, B) is represented by the diagram 



b b b 

b 

A 

Now, one can perform this procedure with the complex fl4.6p . Then one obtains the same 
operator B and the mixed bicomplex [fl^{A), b, B) which is 6-quasi-isomorphic to the mixed 
bicomplex of Example 14.311 through the natural projection i7*(A) i7^(A). ♦ 

Example 4.35 (The commutative case) 

Let us consider the notations and results of Example 14.181 where the algebra is over the field 
C. One can introduce the mixed bicomplex 0, (i^) based on the Kahler differential 

calculus, which takes the diagrammatic form 



n 



dK 



A|C ■ 



dK 



AlC ' 



DP 



"a|c 



"a|c 



dK 



"aic 



One can show that there is a natural morphism of mixed bicomplexes (n^(A),6, B) 
(^A|C' 0' so that there is a natural map 

HC^{A) Ql^JdKni-^ © H2^\A) © H2^\A) © ■ ■ • 

the last term being if^j^(A) or H^^{A) depending on the parity of n. 

Using Theorem 14.211 for any smooth unital commutative algebra A, one has the isomor- 
phism 

HC.{A) ^ nil Jci^l^l^^ © H'^^'iA) © if-^(A) © ■ ■ ■ 

In particular, this is the case for the polynomial algebra A = SV^ over a finite dimensional 
vector space V. ♦ 

There are a lot of structural properties on the cyclic homology groups which help a lot 
to compute them. We refer to |Lod98] to explore them. Let us just mention the following 
result: 
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Proposition 4.36 (Connes long exact sequence) 

There are morphisms I and S which induce the following long exact sequence 
^HH^{A)^HC„iA)^HCn-2{A)^HH^.^{A)^ 



In low degrees, one gets 

-M2(A)— Ui/C2(A)^-ifCo(A)-^Mi(A)— Ui/Ci(A)^-0 

and the isomorphism 

This long exact sequence is a direct consequence of the fact that the bicomplex CC,,, (A) 
is included as pairs of columns in the bicomplex CC,_,(A). This inclusion gives rise to the 
short exact sequence of bicomplexes 

-CCS(A)-^CC.,.(A)^CC._2,.(A) -0 

which defines I and S. In homology this short exact sequence produces Connes long exact 
sequence. The morphism S is called the periodic morphism. 

Example 4.37 {HC,{C)) 

Using the results of Example 14.151 and the mixed bicomplex of Example 14.321 one easily gets 
HCoJC) = C HCo„,^AC) = 



Using Connes long exact sequence, one has an isomorphism S : HC„{C) i/C„_2(C). 
Denote by u„ G HC2n{'C) = C the canonical generator. Then, one can show that there is an 
isomorphism of coalgebras HC,{C) ^ C[u] explicitly given by u„ i— > m", where the coproduct 
on C[u] is A(m") = Ep+g=n ® 

For any algebra A, HC,{A) is a comodule over the coalgebra HC,{C): 

HC.{A) HC,{A)^C[u] 

p>0 



where is the p-th iteration of S. This is a concrete interpretation of the periodic morphism 
S. ♦ 

Let us now define the periodic and negative cyclic homologies. In order to do that, let us 
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introduce the bicomplex CC^^^{A), infinite in the two horizontal directions: 



N 



1-t 



1-t 



N 



— _^<X>n < * — _^®n ,s — — JS^(Sin < ^ ^ — _^®n 



AT 



-b' 



-b' 



-b' 



N 



1-t 



N 



l-t 



N 



P= -2 -1 1 

The bicomplex CC,,,(A) is naturally included in CCpJ(A) as the sub-bicomplex for which 
p > 0. Denote by CC~,(A) the sub-bicomplex defined by p < 1. 

Definition 4.38 (Periodic and negative cyclic homology) 

The periodic cyclic homology HP,{A) of A is the homology of the total complex (for the 
product) defined from CCpJ(A) by 

rccr(A) = n cc^:^i^) 

p+q=n 

for any n e Z. 

The negative cyclic homology HC~{A) of A is the homology of the total complex (for 
the product) defined from CC~,(A) by 



TCC-{A) = n CC-^i^) 



p+q=n 
(P<1) 

Let us recall that in this situation, as the two bicomplexes we consider are infinite in 
the left direction, direct sum and product do not coincide. An element in the direct sum 
contains only a finite number of non zero elements in the spaces CC^^^{A) for p + q = n, 
but an element in the product can be non zero in all of these spaces. If we were using direct 
sums to define their total complexes, then it would be possible to show that the associated 
homologies were trivial if the base field contains Q. 

Using an adaptation of the procedure described for the cyclic homology, one can define 
the cyclic periodic homology of a mixed bicomplex, as well as its cyclic negative homology. 
Then one has: 

Proposition 4.39 

Two b-quasi-isomorphic mixed bicomplexes have the same cydic periodic homology and the 
same cyclic negative homology. 
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The natural inclusion / : CC, ,(A) CCp^''(A) and the natural projection p : CCl^^{A) - 
CC, ,(A) induce morphisms in homology 

/ : HC-{A) ^ HPr,{A) p : HP^{A) ^ ifC„(A) 

Proposition 4.40 (2-periodicity of iJP,(A)) 

The periodic map S defined on the periodic biconiplex by translating on the left through two 
columns is an isomorphism. It induces the natural 2-periodicity: 

HP^{A) ~ iJP„-2(A) 

which means that HP,{A) is 'Z2-graded. 

From now on, we will use the notation HP,^{A), with z/ = 0, 1. 

We saw a Z2-graded situation earlier for complex i^-theory. Here is another similitude 
proved in |CQ97| : 

Proposition 4.41 (Six term exact sequence) 

For any short exact sequence of associative algebras ^A ^A/I ^0, one has 

the six term exact sequence 

HPo{I) HPo{A) HPo{A/l) 

5 S 

HPi{A/l) ^ HPi{A) ^ HP,{1) 

Proposition 4.42 (Morita invariance) 

For any integer n > 1, the trace map defined in Definition \4.11\ induces an isomorphism 
Trj : HP,{Mn{A))^HP,{A). 

Notice that we did not mention such a result for cyclic homology, because it is not true! 
There is a Morita invariance for cyclic homology on /7-unital algebras (see Definition 14.141) . 
but not on all algebras. 

Example 4.43 {HP^{C) and HC-{C)) 

One has 

HPo{C)=C HPi{C) = 

There is an isomorphism of algebras HC~{C) ~ C[f] for a generator v G HCZ2{^)- The 
product by v corresponds to the operation S : HC~{C) — > HC~_2{C). ♦ 

Example 4.44 (Tensor algebra) 

Let us use the notations of Example I4.16[ The inclusion C TV induces an isomorphism 
in periodic cyclic homology: 

HPoiTV) = C HPiiTV) = 4 
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Example 4.45 (The Laurent polynomials) 

Let A = C[2;, z^^] be the Laurent polynomials for the variable z. Then one has 

HPi{£[z,z'^]) = € i 

Example 4.46 (Unital smooth commutative algebras) 

For any unital smooth commutative algebra A, one has 

HP,{A) = if— (A) = n HXi^) HP,{A) = H2i^{A) = J] hX^\A) 

p>0 p>0 

If we compare this result with the cyclic homology groups given at the end of Example 14.351 
one sees that periodic cyclic homology is not ill with the edge effects on the left of the cyclic 
bicomplex which produce the contributions ^'j^^^/dx^'^^^. ♦ 

Remark 4.47 (Extension to topological algebras) 

As for Hochschild homology, one can generalize the definitions given above to take into 
account some topological structure on the algebra A, by replacing the tensor products with 
topological tensor products. We then obtain "continuous" versions of these cyclic homologies. 

In |Cun97] . Cuntz proved a six term exact sequence as in Prop osit ion 14 . 4 1 1 for a restricted 
class of topological algebras, called m-algebras (see also |CST04j ). ♦ 

Example 4.48 (Continuous cyclic homology of Banach algebras) 

On Banach algebras, the continuous cyclic homologies are not interesting. For instance, for 
commutative C*-algebras, one gets 

HP^'^'^CiX)) = {bounded measures on X} HPl°''\C{X)) = 4 

This example shows that cyclic homology is not a very powerful theory for noncommuta- 
tive topological spaces. The following result confirms this fact. We need a 

Definition 4.49 (Diffeotopic morphisms) 

Let A and B be two associative algebras. Two morphisms of algebras (/?o, V^i : A ^ B are 
said to be diffeotopic if there exists a morphism of algebras : A ^ B (8> C°°([0, 1]) such 
that ipt coincides with ip^ (resp. ^pi) when evaluated at t = (resp. at t = 1) in the target 
algebra. Notice that the tensor product B ® C°°([0, 1]) is purely algebraic. ♦ 

Proposition 4.50 (Diffeotopic invariance) 

If (y9o and ifi are diffeotopic then they induce the same morphism HPi,[A) — *■ HPi,(B). 

There is no general homotopic invariance result on periodic cyclic homology. 

If you need a result more to convince you that cyclic homology is well adapted to dif- 
ferential structures, here is the main result, obtained by Connes in [Con85j . which is a 
generalisation of Example I4.46[ 

Example 4.51 (Continuous periodic cyclic homology of C°°{M)) 

Let M be a C°° finite dimensional locally compact manifold. Then one has 

^pcont ((^oo ^ _ H^TW HPl°'^^ {C°°{M) ) = H°^^ (M) 4 



HPo(C\z,z^^]) = C 
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Remark 4.52 (Comparing cyclic homology with i^-theory) 

In the next section, we will establish a very strong relation between i^'-theory and periodic 
cyclic homology. Z2-graduation, Morita invariance and the six term exact sequence give us 
obvious similarities between these two theories. 

But, we would like to make it clear that the two theories are very different on an essential 
point. We notice in Remark l3.47l that i^'-theory can be computed using some dense subalgebra 
(stable by holomorphic functional calculus). The situation is clearly not the same for periodic 
cyclic homology: compare Example 14.481 with Example 14.511 

i^T-theory is an homology theory for noncommutative topological spaces. Periodic cyclic 
homology is an homology theory for algebras concealing some differentiable properties. ♦ 

Example 4.53 (First version of cyclic cohomology) 

We define here the cyclic cohomology using the differential complex (C*(A), S), which is the 
first version of cyclic cohomology exposed in |Con85j . 
By definition, 

C^(A) = {(pe Hom(A®"+\ C) / 0(ai ® • ■ ■ ® a„ ® ao) = (-l)"0(ao ® ai ® ■ ■ ■ ® fln)} 
C C"(A) 

and 6 is the Hochschild boundary operator for the complex C*(A) restricted to this subspace 
(see Definition 14.251) . Indeed, the main remark made by Connes to define its cyclic complex 
as a subcomplex of a Hochschild complex was that the cyclic condition defining the 0's in 
C"'(A) which are elements of C^(A) is compatible with the boundary 6. 

The cohomology of the complex (C*(A), 6) is the cyclic cohomology HC'{A) of A. 

For n = 0, a cycle is a trace on A, because (50) (oq (S> ai) = 0(aoc^i) ~ 0(01^0) = 0. The 
cyclic complex of Connes is explicitly defined to generalize this property to higher degrees. 
So, cyclic cohomology is a theory of generalized traces. 

On this cohomology, the inclusion C*(A) "—>■ C*(A) at the level of complexes induces a 
map / : HC*{A) HH*{A) and Connes long exact sequence 

-M"(A)— ^i7C"-i(A)^-ifC"+i(A)— Um"+i(A)— • • 

In this long exact sequence, the two maps B and S are not so easy to define as in the previous 
construction for cyclic homology. 

Nevertheless, one can show that the periodic map S : HC"'{A) /7C"^^(A) can be used 
to define periodic cyclic cohomology as 

HP\A) = lim(i7C2"+i(A), S) HP\A) = limiHC^^A), S) 

which explains the name "periodic" for the cohomology group and the map S. ♦ 

One defines the dual bicomplex CC''*{A) of CC,,,(A) replacing in each bidegree {p,n) 
the space A*^""^^ by the space Hom(A'^"', A*) = Hom(A'^"'+^, C), and adjoining the four maps 
b, b', t and N. Recall that the adjoint of b is the 6 map introduced in Definition 14.251 

In the same manner, one defines the bicomplex CC''*j.{A) from the bicomplex CC^^^{A). 

Definition 4.54 (Cyclic cohomology) 

The cyclic cohomology HC*{A) of A is the cohomology of the total complex of the bicomplex 
CC*''{A). 

The cyclic periodic cohomology HP' [A) of A is the cohomology of the total complex of 
the bicomplex CC*''^{A). Here, the total complex is constructed using direct sums. ♦ 
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As for periodic cyclic homology, HP'{A) is Z2-graded. 
Remark 4.55 (Entire cyclic cohomology) 

In the definition of HP* {A), one uses the direct sum to construct the total complex. This is 
the dual version of the direct product used for periodic cyclic homology. Indeed, one can show 
that the direct product would produce a trivial cohomology. Using direct sum in periodic 
cyclic cohomology permits one to define a natural pairing with periodic cyclic homology: 
cochains in periodic cyclic cohomology have finite support, so that only a finite number of 
terms are non zero when evaluated on a (infinite) chain in cyclic periodic homology. 

Let A be a Banach algebra. Then one defines a norm on Hom(A'^"'"''^, C) by ||0n|| = 
sup{|0(ao (S) ■ ■ ■ ® a„)| / ||ai|| < 1}. 

Denote by TCCp|(A) the total complex of CCp^'(A) obtained using direct product. Each 
element in TCCj^(A) is an infinite sequence (02n) or (02n+i) according to parity of p. One de- 
fines a subcomplex ECC*{A) of TCCjj{A) imposing a growing condition on such an infinite 

sequence: the radius of convergence of the series ^„>q ||02n|k"'/''^! (resp. ^„>o ||02n+i||-2"/''^!) 
is infinity. 

The entire cyclic cohomology HE' (A) is defined as the cohomology of the complex 
ECC'{A). One can show that HE' (A) is Z2-graded, as is the periodic cyclic cohomology. 

Any cochain defining an element in HP* {A) has finite support, so that there is an natural 
map HP* (A) —>■ HE* (A). This map is an isomorphism in some cases, for instance A = C, 
but not in general. See |Kha94] for examples of such isomorphisms. ♦ 

Example 4.56 (The irrational rotation algebra) 

For irrational 6, one has 

ifPo'°°* (^D = HP^""''' (A^) = HHi (A^) I Ran = 

There is no need to mention any diophantine condition here (see Example 14.241) . 

In periodic cyclic cohomology, one of the two classes in HP^^^^{A'^) = is St where r 
is the unique normalised trace on A'^, ''"(X^m nez '^m."^™^") ~ "^o.O; and the second one is 
expressed in terms of the continuous derivations 6i and 62'- 

(f{aQ (g) ai (g) 02) = 7^r[ao((5i(ai)52(a2) - 52(ai)5i(a2))] ♦ 



Remark 4.57 (Pairing with li'-theories) 

A Fredholm module (H, p, F) over the C*-algebra A is called p-summable if [F, a] G C^iTi) for 
any a G A (we write a for p(a) from now on). The space C^iTi) = {T G /C / Y^'^=o^^n{Ty < 
00} with PniT) the n-th eigenvalue of |T| = {T*Ty^'^, is the Schatten class. It is a two-sided 
ideal in B, and a Banach space for the norm \\T\\p = {J2'^=q f^niTYY^^ = Ti{\T\pY^p. For 
any S G CP{n) and T G C^iH), one has ST G CiH) for i = i + i and ||5T||, < ||5||p||T||q. 

Let (H, p, F) be a p-summable Fredholm module (odd or even) and denote by 7 its grading 
map if it is even. For any n > 0, and G A, the expressions 

(p2n+i = Tr(ao[F, ai] ■ ■ ■ [F, a2„+i]) in the odd case 
V^2n = Tr(7ao[-F, ai] - ■ ■ [F, a2n]) in the even case 
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make sense and define an odd or an even cocyle in HC*{A), which depends only on the 
if-homology class of the Fredholm module. This defines a pairing HP,^{A) x i^^(A) C 
for z/ = 0, 1. 

In the next section, the Chern character will realize a pairing HP'^{A) x K^{A) ^ C. ♦ 

5 The not-missing link: the Chern character 

The Chern character is a special characteristic class defined first in the topological context. 
It was used to related the K-theovj of a topological space to its cohomology. When Connes 
introduced cyclic homology, he saw immediately that a purely algebraic generalisation was 
possible, which connects the i^T-theory for algebras and the periodic cyclic homology. Now, 
the Chern character is extensively studied, because it helps interpret a lot of previous results 
in different areas of mathematics, which where not so well understood. 

5.1 The Chern character in ordinary differential geometry 

Let us recall some basic facts about characteristic classes for vector bundles. 
Let G be a topological group. Then one has: 

Proposition 5.1 (Classifying space BG) 

There exists a G-phncipal fibre bundle EG — > BG such that for any G-principal fibre bundle 

P over a topological space X, there exists a continuous map fp : P ^ BG such that 
P = fpEG (the pull-hack hbrc bundle). BG is called the classifying space of the topological 
group G and fp the classifying map of P. 

Recall that the pull-back P = f*Q of a fibre bundle Q ^ Y through a continuous map 
f : X ^ Y is defined by P^ = Qf(x) for any x & X. li g : X ^ Y is homotopic to / then 
f*Q and g*Q are isomorphic. 

One can show that EG is a contractible space, so that its homology is not very interesting. 
The important object in this proposition is BG: 

Proposition 5.2 (Classification of G-principal fibre bundles) 

The space of isomorphic classes of G-principal fibre bundles over X is [X; BG], the space of 
homotopic classes of continuous maps X — > BG. 

This space is not easy to compute, so that this classification remains just an identification 
without any practical utility in general. This leads us to consider other objects to try to 
classify G-principal fibre bundles, in terms of cohomology classes: 

Definition 5.3 (Cheiracteristic clsisses) 

A characteristic class of P in a cohomology group H'{X;A) with coefficient in the abelian 
group A, is the pull-back by fp of any cohomology class c e H'{BG; A). ♦ 

Characteristic classes depend upon the coefficient group A, which is often essential to 
make some concrete interpretations of certain characteristic classes. 

If one is interested in vector bundles instead of principal bundles, the previous construction 
can be performed with the associated principal bundle. Any vector bundle is the pull-back 
through the classifying map fp of a canonical vector bundle over BG. So that for any 
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vector bundle E X with structure group G, one can introduce its characteristic classes 
as pull-back of classes in H*[BG; A). We will use the notation c{E) for the pull-back of 
ceH'{BG-k) in H'{X;A). 

Proposition 5.4 (Functoriality of characteristic classes) 

Let if : X ^ Y be a continuous map, and E ^ Y a vector bundle on Y. Then for any 
characteristic class c one has c{ip*E) = ip^c{E) where ip^ : H*{Y) — >■ H*(X) is the ring 
morphism induced in cohomology. 

Example 5.5 (Discrete groups) 

In the case of a discrete group G, one can show that BG — K{G, 1) is the Eilenberg-MacLane 
space of type (G, 1), so that H'(BG; Z) is the ordinary cohomology of groups H*(G). ♦ 

It is possible to construct explicitly the classifying spaces BG for a large class of groups. 
Here are some examples. 

Example 5.6 (Some usual classifying spaces) 

G Z Z2 U{1) = §1 U{n) 0{n) 

EG R §°° # 

BG §1 T" RP°° CP°° G(n,C°°) G(n,]R°°) 

§~ is the sphere in R°°, RP°° = limRP", CP°° = limCP", G{n,C°°) = limG(n,CP) where 
G{n, C^) is the complex Grassmanian manifold. . . 



Example 5.7 (Cohomology groups of some classifying spaces) 

Here are some examples of cohomology groups of some classifying spaces. We denote by 
A[ai, . . . , Op] the graded commutative ring generated over the abelian groups A by the p 
elements Oj (whose degrees will be given): 

H\BU{n)-Z) = Z[ci, C2, . . . , c„] H\BSU{n)-Z) = Z[c2, . . . , c„] 

where degc^ = 2k. The class is the k-th. Chern class. The class c = 1 -|- Ci + C2 + ■ ■ ■ + c„ 
is the total Chern class. It satisfies c{E © E') = c{E)c{E') for any vector bundles E and E'. 

//•(SO(n);Z)=Z[pi,P2,...,P[n/2]] 

where degp^ = 4:k and [n/2] is the integer part of n/2. The class pk is the A;-th Pontrjagin 
class. The class p = 1 + pi + p2 + ■ ■ ■ + P[n/2] is the total Pontrjagin class which satisfies 
p{E®E')=p{E)p{E'). 

H'{BS0{2m + 1); Z) = Z[pi,p2, ■ ■ ■ ,Pm] H\BS0{2m)-Z) - Z[pi,p2, ■ ■ ■ ,Pm-i, e] 

where degp^ = Ak and deg e = 2m. The class e is called the Euler class, it satisfies e{E®E') — 
e{E)e{E'). 

H*{B0{n);Z2) = Z^lw,, . . . ,Wn] //•(S50(n); Z2) = Z2K, • • • , w„] 

where deg Wk = k is the A;-th Stiefel- Whitney class. The class w = 1 + Wi + W2 + ■ ■ ■ + Wn is 
the total Stiefel- Whitney class which satisfies w{E © E') = w{E)w{E'). ♦ 
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Example 5.8 (Interpretation of Wi and 1^2) 

Let M be a locally compact finite dimensional manifold. M is orientable if and only if the 
first Stiefel- Whitney class wi{TM) of its tangent space TM is zero. If M is orientable, it 
admits a spin structure if and only if the second Stiefel- Whitney class 1^2 (TM) is zero. ♦ 

Example 5.9 (Classification of complex line vector bundles) 

The first Chern class of Ci(L) G H^{X\ Z) of a complex line vector bundle L X is a total 
invariant in the space of isomorphic classes of line vector bundles over X. ♦ 

Example 5.10 (Compact connected Lie groups) 

For any compact connected Lie group G, one has 

H^''{BG]R)= (0) i/^n+i ^BG;R) = 

where q is the Lie algebra of G and Vj{q) is the graded algebra of invariant polynomials on 
0- 

For the compact Lie groups in Example 15.71 these invariant polynomials are generated by 
the formulas: 

det(Al + ^X) = A" + ci(X)A"-i + C2(X)A"-2 + . . . + c„(x) 
for any X G u{n); 

det(A]l - ^X) = A" + pi(X)A"-2 + P2(X)A"-^ + • ■ ■ + p„(X)A"-2™ 



for any X G o(n); 



nv:*2m 



for any X G so(2m), where ej^j2...«2m-ii2m is completely antisymmetric with 612. ..2m = 1- 
The quantity Pf(X) = {2iT)"^h{X) is called the Pfaffian of X. It is a square root of the 
determinant. The Euler class is then associated to a very particular invariant polynomial. ♦ 

Example 5.11 (Characteristic classes through connections) 

It is possible to construct characteristic classes directly using invariant polynomials in Vj{g). 
In order to do that, consider a differentiable principal fibre bundle P —>■ M over a differential 
manifold with structure group G. Let us denote by u E ^^{P) (S) a connection on P and 
Q its curvature. Recall that is a covariant object for the action Rg of G on P by right 
multiplication and the adjoint action Ad on g : R*uj = Adg^iuj for any g E G. Its curvature 

is also covariant, R*Q = Adg-iQ, and satisfies the Bianchi identity dQ + [u, Q] = 0. 

Let [U, (j)) be a local trivialisation of P, where U is an open subset of M and (p : U x 
G —y P\u is a. diffeomorphism which intertwines the actions of G on P and G. Define by 
su{x) = e) the section which trivializes P\u and by A^ = s^o; and = s^f2 the local 
connection 1-form and the local curvature 2-form. If (V, ip) is a second trivialization of P, 
with U nV ^ 0, then one has the relations 

A^ = g^vA^guv + Quvdguv = g^yF^ 9uv 
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where guv U CiV —>■ G is the transition function between the two triviahzations. The local 
forms satisfy to a Bianchi identity. 

Let us consider p an invariant polynomial on g, of degree k. Then one can define 
p{F'^ , . . . , F^) as a local 2A;-form on U by evaluating p on the values of in q. Because p 
is invariant, one has p{F^ , . . . , F^) = p{F^ , . . . , F^) so that it defines a global 2/c-form on 
M. Using the Bianchi identity, one can then show that its differential is zero. We then have 
associated to p a cohomology class in H'^^{M\ M), which can be shown to be independent of 
the choice of the connection uj. This map V^{q) H'^^{M\ M) is the Chern-Weil map. 

This class is exactly the characteristic class given by the invariant polynomial p in the 
identification H^'^{BG] M) = (g) in Example ElOl 

One does not really need to express the connection 1-form and its curvature 2-form locally 
on an open set of the base space M. Indeed, . . . , f2) makes sense as a 2fc-form on P. 
Using the properties of the curvature 2-form VL and the invariance of the polynomial p, one 
can show that it is a basic form for the action of G on P, and as such, it identifies with a 
2/c-form on the base space M. ♦ 

Proposition 5.12 (Decomposition principle) 

Let El, . . . ,Ep X be p complex vector bundles. Then there exist a manifold F and a 
continuous map a : ¥ ^ X such that the pull-backs a*Ei —>■ ¥ are all decomposed as 
direct sum of complex line vector bundles, and such that the map induced in cohomology 
: H'{X) H'(¥) is injective. 

Why decompose a vector bundle in a direct sum of line vector bundles? The answer is in 
the following construction. 

Let R{c{Ei), . . . , c{Ep)) be a polynomial relation in H'{X) between the Chern classes of 
the vector bundles Ei. We would like to establish the relation R{c{Ei), . . . ,c{Ep)) = for 
any vector bundles over X, and for any X. Using the decomposition map a : ¥ ^ X and 
the functoriality of the Chern classes (and the fact that the relation is a polynomial relation) 
we have 

a«(i?(c(Ei), . . . , c{Ep))) = R{c{a*Ei), . . . , c{a*Ep)) 

Now, let us assume that for any base space Y and any vector bundles Fj over Y which are 
direct sum of line vector bundles, the relation R{c{Fi), . . . ,c{Fp)) = can be established. 
Then, for any Ei over X, the Fi = a*Ei over Y = ¥ are direct sums of line vector bundles, 
so that the relation is true for them. The right hand side of the relation is then zero, which 
implies by injectivity of a" : H'{X) H'{¥) that the relation is also zero for the -Ej's. 

So, in order to establish an abstract relation between the Chern classes, it is sufficient to 
show it for any vector bundle decomposed as a direct sum of line vector bundles over any 
space. 

Example 5.13 (Chern classes and elementary symmetric polynomials) 

Let us apply the relation c{E © E') = c{E)c{E'), where c is the total Chern class, to a direct 
sum of hne vector bundles E = ii Q) ■ ■ ■ Q) in- Then c{E) = c{ii) ■ ■ ■ c(£„). For a hne vector 
bundle, one has c{£) = 1 + ci(£). Denote by Xi = ci(£j) the first Chern classes of these line 
vector bundles. Then one has 

n n 
C{E) = + Xi) = ^ OTjiXi, ...,Xn) 

i=l j=0 
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where the functions aj are the elementary symmetric polynomials of total degree j. They 
are explicitly given in terms of the n (commuting) variables Xj by 

Coi^l, ■ ■ ■ , Xn) = I Cri(Xi, . . . , X„) = Xi a2{Xi, . . . , Xn) = XiXj 

l<i<n l<i<J<" 

Cni^l, ■ ■ ■ , ^n) = Y\. 

l<i<n 

Any symmetric polynomial (resp. any formal symmetric series) in the n variables Xi can be 
expressed as a polynomial (resp. a formal series) in these elementary symmetric polynomials: 

C[X^, . . . ,X„]®" = {pe C[Xi, . . . ,X„] / p{X^, . . . ,X„) = p(X,-i(i), . . . ,X,-i(„))} 
= C[(7i, . . . , cr„] 

The previous computation shows us that the Chern classes can be written as Cj{E) = 
(Jj{xi, . . . , Xn) when E is decomposed. If E is not decomposed, then use a*E over F. ♦ 

Example 5.14 (Characteristic class associated to a symmetric polynomial) 

The previous Example gives us another application of the decomposition principle, which is 
to construct a new characteristic class in terms of the Chern classes, but writing it down 
explicitly only in terms of the first Chern classes and a symmetric polynomial. Indeed, let 
p{Xi, . . . , Xn) be a symmetric polynomials. Then it is a polynomial of the form R{ai, . . . , an)- 
For any vector bundle E ^ X decomposed as = £i © ■ ■ ■ define the characteristic class 
Cp{E) =p{xi,...,Xn) where Xi = Ci{ii). Then Cp{E) = i?(ai(xi, . . . , a;„), . . . , a„(xi, . . . , x„)) = 
R{ci{E), . . . ,Cn{E)). Now, if E is not decomposed as a direct sum of line vector bundles, 
the last relation can be used to define, without ambiguities, the class Cp{E), thanks to the 
decomposition principle and the functoriality of the Chern classes. 

This construction can be generalised to any invariant formal series in n variables. ♦ 

Definition 5.15 (The Chern character) 

Let E he a vector bundle over X. The Chern character ch(ii^) of E is defined to be the 
characteristic class associated to the formal series 

n 1 " 

p{xu . . . ,Xn) = e""^ + ■ ■ ■ + e""" = n + '^Xi + - ^(xi)^ + ■ ■ ■ 

2=1 i=l 

Notice that the coefficient group for the cohomology of this class is necessarily Q, because 
the defining expression for ch{E) makes use of rational numbers. ♦ 

Example 5.16 (The invariant polynomial of the Chern character) 

We saw in Example 15.111 that characteristic classes can be defined using a connection on the 
vector bundle and an invariant polynomial. The Chern character is a particular characteristic 
class, and its invariant polynomial (in fact an invariant formal series) is P{X) = Trexp(2^X), 
so that ch{E) = Tr o exp (|^) for any local curvature 2-form of a connection on E. 
As a form on the principal fibre bundle, this expression is 

chM^TVoexp(g)^gi(^)'TKn') ♦ 
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Proposition 5.17 (Product and additive properties of ch) 

Using the decomposition principle, one can show that for any vector bundles E and E': 



ch{E © E') = ch{E) + di{E') ch{E ® E') = ch{E) ch{E') 

Theorem 5.18 (The Chern character as an isomorphism) 

The Chern Character defines a natural morphisni of rings ch : K^{X) — > if'^^™(X; Q) which 
induces an isomorphism 

for locally compact finite dimensional manifolds X . In that case, the Chern character can be 
extended to a isomorphism ch : K^{X) ®z Q ^ H°'^'^{X] Q). 

Example 5.19 (The Chern character K-'^{M) /f°'^^(M;Q)) 

It is possible to give an expression of the Chern character in odd degrees using connections. 
Let ojq and cui be connections on the principal fibre bundle P. Then uJt = u}Q + t{ijji — ujq) is 
also a connection for any t G [0, 1]. We denote by VLt its curvature. One can show that the 
Chern-Simons form 

cs(c<Jo, cji) = j (it Tr ^(cji — cuo) exp 

satisfies dc^{ujQ,uJi) = ch(c(Ji) — ch(ct;o) where ch(ci;) is given as in Example 15.161 

Let g : M U{n) be a smooth map. Consider the trivial fibre bundle P = M x U{n), 
with the two connections cjq = and uJi = g^^dg. Then one defines 

ch{g) = cs(0, g-Mg) = ^.{-1)'^^^ [^j TrUg-'dgr^') 
This defines a map from the class of g in K~^{M) into H°^'^{M; Q). ♦ 




5.2 Characteristic classes and Chern character in noncommutative 
geometry 

It is possible to construct some characteristic classes, and in particular the Chern character, 
using the algebraic setting of modules and differential calculi. The construction of these 
classes are based upon some generalisation of the construction of the Chern classes in terms 
of the curvature of some connection. In order to do that, one need to define the so-called 
noncommutative connections. 

Let be a differential calculus on an associative unital algebra A, and let M be a 

finite projective left module over A = Vf*. 

Definition 5.20 (Noncommutative connection) 

A noncommutative connection on M for the differential calculus {Vl'^d) is linear map V : 
M —>■ (g)A M such that V(am) = da(^m + a(Vm) for any m G M and a e A. ♦ 

Let us introduce M = Q*(^js^M as a graded left module over fl', and Endl^{M) the graded 
algebra of f2*-linear endomorphisms on M (any T G EndQ(Ai") satisfies T('r]) G (g>A M 
and T{uj7]) = {-lY''ujT{r]) for any r/ G fi™ ®a M and any G f^"). 
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Let M' be a left module such that M ® M' = and denote by p : ^ M the 
projection and : M — > the inclusion. Then pcj) = Mm- 

Using right multiplication on A^, one can make the identification EndQ(A^) = MN[fl*). 

Proposition 5.21 (General properties of noncommutative connections) ^ 

Any noncommutative connection V can be extended into a map of degree +1 on M such 
that for any m G M and u! G O", 

V{ijJ ®A m) = (du) (S>Am + (-l)"a;(Vm) 

The space of connections is an afEne space over EndQ^M). 
Definition 5.22 (Curvature of a noncommutative connection) 

The curvature of V is the map © = V^ = VoV. ♦ 

We define the linear map 6 : End^(iW) End^(Af) by the relation S{T) = VT — 
(-1)'=TV, where T e End^(M). One can easily show that 5 is a graded derivation of degree 
+1 on the graded algebra EndQ(iW). 

Proposition 5.23 

One has 6 G End^(M), 6{T) = ST - TO = [6, T]gr and the Bianchi identity 6{Q) = 0. 
Example 5.24 (Existence of connections) 

Let e G EndA(A^) be a projector, and define the left module M = e(A^). e is also a 
projector in EndQ(r2* ®a A^) which is naturally extended by O'-linearity. Then, if V is a 
connection on A^, the map m i-^ e(Vm) is a connection on iVf. 

On A^ there is a natural connection given by the differential map of the differential 
calculus: A^ 3 {ai, . . . , a^) ^ {da,i, . . . , dan) ^ 0a A-^ = {O})^ . Then any finite 
projective module on A admits at least one connection. ♦ 

Example 5.25 (Direct sum of connections) 

Let (iW, V"'^) and {N , V^) be two finite projective modules over A for the same differential 
calculus. Then V : M © A/" fi^ Oa (M © A/") defined by V(m © n) = (V^m) © (V^n) 
is a connection on M © AT" which we denote by V''^ © V^. ♦ 

Definition 5.26 (Graded trace) 

Let V* be a graded vector space. A graded trace on Q* with values in V* is a linear morphism 
of degree 0, r : — >• V, such that T{ujr]) = {—l)"^'^T{riuj) for any uj G il*" and rj G O". ♦ 

Notice that the restriction r : A = Q'^ — > y° is an ordinary trace on A. 
Proposition 5.27 (The universal trace) 

If we denote by [Q*, ^*]gr the subspace of Q* Uneary generated by the graded commutators, 
then the graded vector space — Q*/[Q*,Q*]gr inherits the differential of Q*, which we 
denote by d, and the projection tq : — > is a graded trace which commutes which the 
differentials. 

For any graded trace t : fl' ^ V there is a factorisation r = ttq for a morphism 
T : Q* ^ V . This is why Tn is called the universal trace on Q*. 
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Example 5.28 (The trace on End^(M)) _ 

Because of the identification EndQ(A^) = M^{fl*), there is a natural trace on End^(A^) 
with values in Q' induced by the trace on the matrix algebra Mjv(C), which we denote 
by Tr. For any T G End^(Ai"), one has T = cjyTp G EndQ(A^), so that we can define 
rQ(Tr(T)) e Q*. This map is a graded trace which does not depend upon p, and N. The 
trace End^(iW") Q* will be denoted by Trj^. It satisfies Ttq 6 = dTi^. ♦ 

Definition 5.29 (Characteristic classes of M) 

For any integer k, the cohomology class of Ttq{Q^) in H^'^{Q*,d) is independent of the 
connection V. This is the fc-th characteristic class of M for the differential calculus {Q*, d).^ 

Definition 5.30 (The Chern character of M) 

We define the Chern character ch(iVf) G H°'''^^{Q* ,d) associated to M by 



chfe(M) 



e H^^{n\d) 



ch(M) = J2 cMM) = Trf, o exp ( — ) e H'^'^ih', d) 



k>0 



Obviously, this definition is just an algebraic rephrasing of the expression given in Exam- 
ple EH 

Example 5.31 (The connection induced by a projector) 

We saw in Example 15.241 that there is a natural connection on M = e(A^) expressed in 
terms of the projector e G EndA(A^). From now on, e will be identified with an element 
in the matrix algebra Mn{Q*), which acts on A^ by multiplication on the right. One can 
compute explicitly the curvature of this connection using this matrix algebra, and then one 
finds, for any a G M C A^, 

0(a) = —a{de){de)e 



This expression can be used to express the Chern character of M in terms of the matrix e : 

1 



ch(M) = J2 



k>0 



TnTT{e{de 



Proposition 5.32 (Additive properties of ch) 

For any two finite projective left modules M and N on A, one has 

ch(M ®N)= ch(M) + ch{N) 



Remark 5.33 (No product property!) 

There is no product property which could satisfy this Chern character, because there is no 
possibility to define a tensor product of two finite projective left modules M and N. . . 
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Example 5.34 (The geometric Chern Character) 

In the case A = C°°{M) and Q* = Q*{M), the de Rham differential calculus, one has 
Q' = Q' because Q*{M) is graded commutative. Then the Chern character takes its val- 
ues in the even de Rham cohomology of M. By the Serre-Swan theorem in its algebraic 
version, Theorem I3.26[ any finite projective module on C°°{M) is the space of smooth 
sections of a vector bundle E over M. It is easy to verify that a noncommutative con- 
nection is then an ordinary connection on E, seen as a covariant derivative maps on sec- 
tions. This identification uses the natural isomorphism Q* ®a M = Q*{M,E), where 
Q*{M,E) is the space of differential forms on M with values in E. The curvature is then 
an element in fi^(M, End(i?)) = fl'^{M) ®c°°(m) Endco°(M)(r(-E)), the space of 2-forms 
with values in the associated vector bundle End(i?) = E ® E* . In this context, one has 
End^(r2* ®A = Q' {M , End{E)) and the trace is the ordinary trace on the fibres of 
End(E). 

Using these considerations and the explicit formulas defining them, the two definitions of 
the Chern characters coincide. 

As an exercise, one can show that the relation 6{Q) = is indeed the Bianchi identity! ♦ 

5.3 The Chern character from algebraic K-theory to periodic cychc 
homology 

The definition of the (algebraic) Chern character we will use rests upon the two results 
concerning the algebras C and C[2;, 2;"^] given in Examples 14.431 and 14.451 HPq{C) = C and 
HPi{C[z,z-^]) = C. Recall that the trace map Tr defined in Definition 14.111 induces the 
Morita isomorphism in periodic cyclic homology. 

Let A be an associative unital algebra. Let p G Miv(A) be a projector. Then it defines 
a morphism of algebras ip : C ^ Mn{A) by A i-^ \p. Indeed, 1 G C is mapped to p, and the 
relation = p is the required compatibility with 1^ = 1. This morphism is not a morphism 
of unital algebras. 

Let u G Mat (A) be an invertible element. Then it defines a morphism of algebras z„ : 
C[z, z~^] — > Mn{A) completely given hj z ^ u and 1 1-^ In- 

Definition 5.35 (The algebraic Chern character) 

With the previous notations, the Chern character [cho(p)] G HPo{A) of the projector p is 
the image of 1 G HPo{C) in the composite map 

HPoiC) HPoiMMiA)) ^ HPo{A) 

The Chern character [chi(-u)] G HPi{A) of the invertible u is the image of 1 G i/Pi(C[z, z^^]) 
in the composite map 

HP^{C[z,z-']) ^ HP,{M^{A)) ^ HP^iA) # 

Proposition 5.36 (The Chern character on algebraic X-theory) 

The class [cho(p)] G HPo{A) (resp. [chi(u)] G HPi{A)) depends only on the class of p in 
Kq^{A) (resp. on the class of u in Kf^{A) ). 

The Chern character is a map ch : Kf^{A) HPy{A) for z/ = 0, 1. 
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Example 5.37 (Explicit formula for cho(p) in f2*(A)) 

In order to give an explicit formula for the representative cho(p) of the class of the Chern 
character in the mixed complex (n*(A), bn, B), one has to explicitly write down the generator 
1 G HPq{C) = C It is convenient to do that in the same mixed bicomplex {Q'{C),bH, B). 
In order to make notations clear, let us denote by e G C the unit element. Then one can 
show, using explicit formulas on bfj and B, that 



' n\ \ 2 

n>l 



is the generator of the class 1, in the total complex of the mixed complex (f2*(C), bn, B). 
Using the composite map at the level of mixed bicomplexes {ip and Tr), one gets 

cho(p) = Tr(p) + J](-1)«M: Tr ((^j9 - (dp)'-^ 



Example 5.38 (Explicit formula for chi(u) in r2^(A)) 

In the mixed bicomplex (fi^(A), bH,B), we can give an explicit formula for the representative 
chi(M) using the following expression of the representative of 1 G HPi{C[z, z~^]) = C: 

n>0 

Then the element chi(-u) takes the form 

chi(u) = ^n!Tr ^ 

n>0 



Remark 5.39 (What is really a representative of the Chern character?) 

The Chern character is well defined only in the periodic cyclic homology of the algebra. But 
it is convenient to manipulate it as a cycle in the complex computing this homology. 

But which complex to consider? Indeed, as we saw before, there are many possibilities, 
at least as many mixed bicomplexes that are 6-quasi-isomorphic (Proposition I4.39p . So 
that one can expect some representative cycles in the complexes CC^'^^{A), {Q*{A),b, B), 
(n^(A), b, B), and even (f^A|C' ^k) if the algebra is a smooth commutative algebra. . . 

The representatives given in Examples 15.371 and 15.381 are then only particular expressions. 
For instance, for the algebra A = SV^, one can use the Kahler differential calculus, in which 
any element of degree > dimV^ is 0. In that case, the Chern character is represented by a 
finite sum of differential forms of odd or even degrees. 

The expressions we gave above have the advantage that they are written in the universal 
differential calculi, in which all the degrees can be represented. Let us give another expression 
for the generator 1 G HPi{'C[z, z~'^]) in the bicomplex CC^^^{C[z, z~'^]). In order to do that, 
define the family of elements 

an = {n + _ 1) ® _ 1) ® [(^-1 _ 1) ® _ 1)]«2„ ^ ^^^^ ^-l]02„+2 

(3n = {n + 1)\{Z -I)® [{Z-^ -1)®{Z- e C[Z, 2-l]®2n+l 
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then the representative of the generator is 



n>0 



Using the identification VL^'^+^{C[z, z~^]) = C[2, z-i]®2n+2 ^ C[z , z-^]®^''+\ this generator is 
also directly written as a generator in the mixed bicomplex {Q*{C[z, z~^]), b, B). 

Finally, notice that the explicit development of the Chern character in one of the com- 
plexes mentioned above is completely determined by the lowest degrees, in which a normali- 
sation is imposed, and the condition to be a cycle in the periodic complex. Hence this object 
is a very canonical one. ♦ 



Proposition 5.40 (Naturality of the Chern character) 

For any short exact sequence of associative algebras ^I- 

the commutative diagram 



-A- 



ch 



ch 



ch 



ch 



if Pi (I) 



HPAA) 



HP,{A/l)^HPo{l) 



ch 

HPo{A) 



-A/I- 



-0, one has 



<"(A/I) 

ch 

HPo{A/l) 



(5.7) 



Remark 5.41 (The topological case) 

When the algebra is a topological algebra, one can show that the Chern character is in fact 
a map from the i^'-groups defined on topological algebras and the continuous cyclic periodic 
homology. Indeed, one can show that it is homotopic invariant. 

Nevertheless, remember that in Remark 14.521 we mentioned that K-theorj is well adapted 
to C*-algebras and continuous functional calculus in general, but that cyclic periodic homol- 
ogy is only useful for topological algebras underlying some smooth structures. . . 

If one wants to connect i^-theory and cyclic periodic homology directly at the level of 
representative cycles, one has to consider some intermediate algebras between "algebraic" 
and "(7*" , for instance Frechet or locally convex algebras. In these cases, unfortunately, the 
i^-groups are not defined using projections and unitaries, so that the interpretation of the 
Chern character is not at all transparent whereas it looks so clear in the algebraic version. . . 

When the Bott periodicity takes place in i^'-theory, the commutative diagram (15. 7p con- 
nects in reality the two six term exact sequences of Propositions 13 .441 and 1^^411 But there is a 
defect in this closed relation, a factor 27ri is necessary in the morphism 6 : Ko{A/l) Ki{I) 
to get a commutative diagram (see [CST04j ). 



Remark 5.42 (The Chern character as an isomorphism) 

In Theorem 15.181 we saw that the Chern character realizes an isomorphism between K- 
theory of topological spaces (in fact its torsion-free part) and the ordinary cohomology of the 
underlying topological space. 

In |Sol05j , it is shown that the Chern character for topological algebras realizes an equiv- 
alent isomorphism for a large class of Frechet algebras in the following form 



ch(g)Id : K,(A) 



HPJA) 



In particular, the Frechet algebras C°°{M) for a locally compact manifold M is in this class. ♦ 
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Remark 5.43 (Chern character and cyclic cohomology) 

For a Banach algebra A, the Chern character can be realized as a pairing Kiy{A) x HP'^{A) 
C, using the natural pairing between periodic cyclic cohomology and periodic cyclic homology. 

Let us consider the case i> = 0. In Example 14.531 we defined cyclic cohomology using the 
Connes complex. Let (p ^ C'|"'(A) be a cyclic cocycle and p G Mn{A) a projector. Define 

^^^^ ^ (2in)'^n\ 5Z ^(Phi2,Pi2i3^ ■ ■ ■ ^PiNh) 

' h,—,iN 

One can show that this pairing is well defined at the level of the Kq group and at the level of 
i7C^"'(A), and that it satisfies {[p], S[(f)]) = {[p], [0]). Because the periodic cyclic cohomology 
group HP^{A) can be defined as an inductive limit through the periodic operator 5* on the 
ifC^"(A) spaces, the previous pairing is indeed a pairing between Ko{A) and HP^{A). 

Using this construction, no extra structure is required. One then recovers that the 
Chern character is indeed a canonical object in the context of i^'-theory and periodic cyclic 
(co)homology. There is a similar expression for u = 1. ♦ 

Remark 5.44 (Comparing Chern characters) 

The expressions in Examples 15.161 15.191 15.371 and 15.381 look very similar. But there are 
differences which are important to be noted. In order to make them clear, we will call 
"geometric Chern character" the expressions given in Examples 15. 16^ 15.191 (and also 15.31"]) . 
and "algebraic Chern character" the expressions given in Examples 15.371 and I5.38[ 

First, the spaces on which these Chern characters are expressed as "differential forms" 
are not the same in the two situations. In the geometric one, it is the de Rham differential 
calculus. In the algebraic one, it is one of the universal differential calculi. 

In order to compare them, one has to take into account a situation in which they both 
make sense, the case of the algebra A = C°°(M) for instance. In that case, one knows 
that the identification of the Hochschild homology with de Rham forms can be expressed 
as in Example 14.231 Using these expressions, one easily show that the following squares are 
commutative, where the vertical isomorphisms concerning i^T-theories express the Serre-Swan 
Theorem 13. 26^ 



K%M) -^f^E!^ H-^--{M- Q) K-\M) ^^SE^ H"'^^{M; Q) 

This explains the extra factors used in the isomorphism in Example 14.231 Notice that the 
two definitions of the Chern characters are constrained: the geometric case is normalised in 
such a way that it is a ring morphism, the algebraic one is expressed as an infinite cycle in 
cyclic periodic homology, so that all the terms are normalised by the first one. The only 
degree of freedom in this square is the isomorphism of vector spaces (and fortunately not 
an isomorphism of algebras since HPy{A) has no natural structure of algebra). ♦ 

6 Conclusion 

There cannot be any conclusion to a subject that is still full of vivacity! Thousands of 
mathematicians try everyday to conquest some new landmarks in this extraordinary vast and 
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rich world. In this lecture, only some selected aspects of this theory have been presented. 
For instance, no mention has been made about "noncommutative measure theory", in which 
von Neumann algebras play the role of C*-algebras for measurable spaces. 

We have seen that one can reasonably manipulate "noncommutative topological spaces" 
using the i^-theory of C*-algebras. One can convince oneself that differentiable structures 
are available in the heart of cyclic homology. 

Nevertheless this research project is facing a challenge which have not yet been solved: 
what is the noncommutative counterpart of smooth functions? Does it exist? We have 
made it clear that cyclic homology sees some smooth structures, but the right category 
of "noncommutative smooth algebras" has not yet been identified. Some paths have been 
investigated. For instance, Cuntz has considered m-algebras (see |Fra05] ) . some kind of 
locally convex algebras, on which he succeed to enrich i^-theory and cyclic homology (see 
[CST04j ) . But what is still missing is a Gelfand-Neumark theorem for smooth functions. 
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